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0.1 Abstract

This thesis explores classical transport-entropy inequalities, their connection to Log-
Sobolev inequalities, and the concentration of measure phenomenon. In particular, it
seeks to introduce a reader familiar with analysis and measure-theoretic probability, but
without a strong information or optimal transport background to these beautiful and
understudied tools. We begin with a historical perspective, addressing the development
of the optimal transport problem and the history of entropy. We then develop the the-
ory of transport-entropy inequalities, with a view towards modern applications of these
tools to diffusion models and machine learning techniques. Chapter 2 provides a brief
introduction to key tools from measure-theoretic probability, defines relative entropy,
and briefly introduces the optimal transport problem, focusing on concrete examples
in cases where direct computation is possible. Chapter 3 develops the classical theory
of transport-entropy inequalities through the lens of Tp inequalities, including concrete
examples, showcasing some of the most important results like Pinsker’s Inequality and
Talagrand’s T2 inequality for Gaussian measures. Chapter 4 develops the machinery
needed to state Log-Sobolev inequalities precisely and introduces Log-Sobolev inequal-
ities with three concrete examples. It then connects transport-entropy inequalities to
log-Sobolev inequalities through the Otto-Villani theorem and presents a detailed out-
line of the proof of this major theorem. Finally Chapter 5 concludes the thesis with a
short survey of the application of these tools to modern machine learning methods, em-
phasizing how Log-Sobolev inequalities have helped to develop the theory of diffusion
models and explaining how transport-entropy inequalities are relevant to score-based
generative modeling as a whole.
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Chapter 1

Introduction and Motivation

Why study inequalities? Let us turn this problem on its head and
ask instead why we study equalities. After all, pick two random
numbers; now, aren’t they almost surely unequal?

Joe Blitzstein [7]

If someone handed you two distributions and asked you to compare them, you might
first be puzzled not only by the task, but also by the fact that you now appear to be in
physical possession of something as intangible as a probability measure. Even setting
that aside, without further context, it is not clear what it should mean to say that two
distributions are “close” or “different.” There are many natural approaches: pick your
favorite event and compare how these two measures assign mass to that event, graph the
densities of these distributions, compare their moments, or compare the expectations
of suitable test functions. Two less obvious but especially useful points of view are the
transport viewpoint and the information-theoretic viewpoint. Roughly speaking, the op-
timal transport approach asks how much effort is required to move one distribution to
the other, while the information-theoretic approach measures the discrepancy between
them in terms of relative entropy.

This thesis is devoted to the study of inequalities that relate transport distances and rel-
ative entropy. I hope that by the time readers reach the end of this thesis, they will feel
fully confident in how to respond if handed two distributions.

1.1 Transport: History of the Optimal Transport Problem

It is rare for a mathematical problem to arise from an immediate, life-or-death practical
concern. Yet, Gaspard Monge, serving as a scientific advisor to Napoleon, found himself
in precisely that position. According to historical accounts, when tasked with design-
ing the most efficient layout for defensive fortifications, Monge confronted what would
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become known as the optimal transport problem [30]. The challenge was deceptively
simple: when excavating a moat and using the displaced earth to construct a wall, what
is the most efficient way to transport the soil from the recently dug moat to the wall [39]?

This question opens a series of profound mathematical inquiries: what mathematical
structures best represent the distributions of earth in the moat and wall? By what crite-
rion should one transport plan be judged superior to another? Under what conditions
is the optimal plan unique? And can the geometric or probabilistic properties of these
distributions be used to bound the total effort required for transport?

This formulation was eventually made precise. A much fuller discussion of Optimal
Transport is reserved for Section 2.3.

Definition 1.1.1. For a cost function c : X ×X → [0,∞) and two distributions µ,ν ∈
P (X ), the Kantorovich optimal transport problem is to find the coupling (X ,Y ) ∼πwith
marginals X ∼µ and Y ∼ ν that minimizes

E(X ,Y )∼π
[
c(X ,Y )

]
.

Let Π(µ,ν) denote the set of all such couplings. This is a convex minimization problem,
and its optimal value is denoted

Tc (µ,ν) = inf
π∈Π(µ,ν)

E(X ,Y )∼π
[
c(X ,Y )

]
.

1.2 Entropy: History of Entropy

Nearly two hundred years later, Claude Shannon developed his statistical theory of en-
tropy, thankfully under less dire circumstances. Shannon was working at Bell Labs, trying
to understand how much information was lost in the course of a phone call. Designed
to measure the reduction of the amplitude of a signal through a telephone line, Shannon
proposed this new quantity as a measure of surprise.

Relative entropy (also called KL-divergence) is the quantity most of interest for compari-
son to transport distance.

Definition 1.2.1. For two probability measures µ,ν ∈ P (X ) with µ absolutely continu-
ous with respect to ν (written µ≪ ν), the relative entropy, also called Kullback–Leibler
divergence of µ from ν is

DKL(µ∥ν) = EX∼µ
[

log
dµ

dν
(X )

]
,

where dµ
dν is the Radon–Nikodym derivative of µ with respect to ν. If µ is not absolutely

continuous with respect to ν, we set DKL(µ∥ν) =+∞.
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1.3 Transport-Entropy Inequalities

This thesis will explore the relationship between these two ideas. Heuristically, a transport-
entropy inequality says that distributions that are "information-wise" close (ie those
which have low relative entropy) are also "geometrically" close (low transport cost). If
one distribution has low relative entropy with respect to another, then it must also be
close in transport cost.

Definition 1.3.1. Let µ ∈ P (X ) be a reference distribution and let c : X ×X → [0,∞)
be a cost function. We say that µ satisfies a transport-entropy inequality if there exists a
non-decreasing function α : [0,∞) → [0,∞] with α(0) = 0 such that for all ν ∈P (X ),

α
(
Tc (µ,ν)

)≤ DKL(ν∥µ).

1.4 Motivation and Outline

This thesis will aim to develop the theory of transport-entropy inequalities from basic
principles. Chapter 2 provides a brief introduction to measure-theoretic probability, rela-
tive entropy, and optimal transport. Chapter 3 develops the classical theory of transport-
entropy inequalities through the lens of Tp inequalities, including concrete examples,
showcasing some of the most important results like Pinsker’s Inequality and Talagrand’s
T2 inequality for Gaussian measures, closing with a brief discussion of the relationship
between concentration inequalities and transport-entropy. Chapter 4 develops the ma-
chinery needed to state Log-Sobolev inequalities precisely and introduces Log-Sobolev
inequalities with concrete examples. It then connects transport-entropy inequalities
to log-Sobolev inequalities through the Otto-Villani theorem and presents a sketch of
the proof of this major theorem. Finally Chapter 5 concludes the thesis with a short
survey of the application of these tools to modern machine learning methods, emphasiz-
ing how log-Sobolev inequalities have helped to develop the theory of diffusion models
and explaining how transport-entropy inequalities are relevant to score-based generative
modeling as a whole.
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Chapter 2

Entropy and Optimal Transport Basics

This thesis aims to be a relatively self-contained introduction to the application of
transport-entropy inequalities to diffusion models. In that spirit, this chapter introduces
the key tools from information theory, probability, and optimal transport that will be used
to develop results and intuition. First, in Section 2.1, we’ll review some definitions and
theorems in probability that will be used repeatedly in this thesis. Next, in Section 2.2,
we’ll provide an introduction to discrete and differential entropy, eventually building to
a definition of relative entropy, which will be used constantly in Chapter 3 and general-
ized entropy and its tensorization properties, which will be used in Chapter 4. Finally, in
Section 2.3, we’ll introduce readers to the basic theory of optimal transport focusing on
concrete examples, which will be very relevant for the material developed in Chapter 3.

2.1 Probability Background

We’ll begin by reviewing the probability theory which developed in the years between Gas-
pard Monge and Claude Shannon, which made a formal statement of Monge’s ideas pos-
sible. In particular, Leonid Kantorovich, a Soviet mathematician and economist roughly
contemporaneous with Claude Shannon made progress in understanding the optimal
transport problem in terms of so-called coupled measures [39]. But before we get there,
we’ll formulate the problem as it is stated in most modern treatments and cover a few key
definitions.

Definition 2.1.1 (Complete). A metric space (X ,d) is defined to be complete if every
Cauchy sequence is convergent.

Definition 2.1.2 (Separable). A metric space (X ,d) is defined to be separable if there
exists a countable set S ⊆ X which is dense in (X ,d).

Definition 2.1.3 (Polish). A metric space X is called a Polish space if it is complete and
separable.
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An example of a Polish space is R or any Lp space for p <∞. A non-example of a Polish
space would beQ since it is not complete.

Remark 1. We go to the trouble to define and explain some basic properties of Polish
spaces here, because Polish spaces can be thought of as the minimum viable setting
for such transport problems to be well-posed. In Chapters 2 and 3, we primarily work
over general Polish spaces. In Chapter 4, we restrict ourselves to Rn because some of the
results stated do not hold for a fully general Polish space or require substantially different
approach to show.

In the context of transport-entropy inequalities, we work on a Polish space X , which
we equip with B(X ), the σ-algebra generated by the open sets in X , which is called the
Borel σ-algebra. We write P (X ) for the set of Borel probability measures on X [39].

We also briefly review these definitions and a few others here.

Definition 2.1.4 (σ Algebra). A collection of subsets of Ω, F , is called a σ algebra if it
contains the empty set, is closed under complements, and is closed under countable
unions.

Definition 2.1.5 (Borel−σ Algebra). For a topological space (X ,τ), the Borel σ algebra
over X is the σ-algebra generated by all the open sets in X .

Definition 2.1.6 (Measure). A map µ : F → [0,∞] is called a measure if it satisfies:

(a) µ(∅) = 0,

(b) µ(A) ≥ 0 for all A ∈F ,

(c) (Countable Additivity) for any pairwise disjoint sequence (An)∞n=1 ⊂F ,

µ

( ∞⋃
n=1

An

)
=

∞∑
n=1

µ(An).

We might be interested in how to approximate the measure of a set A ⊆ X under µ. The
notion of ‘inner regularity’ gives us a tool to do this.

Definition 2.1.7 (Inner Regular). [1] Let (X ,T ) be a topological space and BX be the
Borel σ-algebra on X and µ be a measure on (X ,B(X )). Then we say that µ is inner
regular if for all measurable subsets A ⊂X ,

µ(A) = sup{µ(F ) : F ⊆ A where F is compact and measurable}.

Before we arrive at the final piece of machinery presented in this introduction, we need
one more definition.
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Definition 2.1.8 (Absolute Continuity). [5] Let (Ω,F ,µ) be a measure space. Let ν be
another measure on that space. We say that ν is absolutely continuous with respect to µ
if for all A ∈F , we have that µ(A) = 0 =⇒ ν(A) = 0.

This gives rise to another useful idea: the equivalence of two measures.

Definition 2.1.9 (Equivalence of Measures). [5] We say that two measures are equivalent
if µ(A) = 0 ⇐⇒ ν(A) = 0, that is if ν≪µ and µ≫ ν.

Intuitively, this corresponds to the same notion of ‘impossibility.’ Thus, if an event hap-
pens ν−almost surely then it also happens µ−almost surely.

Now, we arrive at a very useful theorem which ensures the existence of a crucial quantity:
the Radon-Nikodym derivative. Intuitively, we know that we can build new measures
ν on the metric space (Ω,F ,µ) by playing the following game: choose a non-negative
function f and define a measure ν as follows. For all A ∈ F , let ν(A) := ∫

A f dµ. Then,
conveniently, for any A such that µ(A) = 0, we must also have ν(A) = ∫

A f dµ= 0.

The natural question, then, is can we go the other way? If I have a measure ν on the metric
space (X ,B(X )), can I always find a non-negative function f such that ν(A) = ∫

A f dµ?

The Radon Nikodym theorem says that under extremely mild conditions, this is possible.

Theorem 2.1.10. In particular, if µ and ν are σ−finite and ν is absolutely continuous with
respect to µ, then there exists a µ−unique non-negative function f such that ν(A) = ∫

A f dµ
for all A ∈B(X ).

Definition 2.1.11 (Radon-Nikodym Derivative). [5] The function f such that ν(A) =∫
A f dµ is called the Radon-Nikodym derivative of ν with respect to µ and is usually writ-

ten dν
dµ .

Theorem 2.1.12 (Portmanteau Theorem). [6] Let X be a metric space with Borel-σ algebra
F . A sequence of probability measures {µn}n∈N converges in distribution to µ, if any of the
following equivalent conditions hold

(a) Eµn [ f ] → Eµ[ f ] for all bounded, continuous f

(b) limsupn→∞µn(F ) ≤µ(F ) for all measurable closed sets F ∈F

(c) liminfn→∞µn(U ) ≥µ(U ) for all measurable open subsets U ∈F .

(d) limsupn→∞Eµn [ f ] ≤ Eµ[ f ] for all upper semi-continuous functions bounded above

(e) liminfn→∞Eµn [ f ] ≥ Eµ[ f ] for all lower semi-continuous functions bounded below.

Remark 2. There are, of course, more equivalent conditions, but in this presentation
we’ve chosen to only include the conditions which are relevant to later chapters.

Because this is a standard theorem and proved in [6], we will omit the proof here.
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2.2 Entropy Background

2.2.1 History of Entropy

Entropy is a term with origins in fields as disparate as thermodynamics and information
theory. It originally appeared in Boltzmann’s work on statistical mechanics but rose to
prominence when Claude Shannon rediscovered it in the context of information theory
[25]. Intuitively, if you learn that a low probability event has occurred, you should be
surprised. This is the idea that "surprisal" and "entropy" formalize.

As it turns out, in the discrete case, entropy behaves well and basically accords with our
intuition. For that reason, this section is split into three parts: first, we will introduce
discrete entropy, then we’ll explain how these ideas extend (sometimes fail to) to the case
of continuous random variables, and finally we’ll offer a fully precise measure-theoretic
definition which encompasses both perspectives.

2.2.2 Discrete Entropy

Definition 2.2.1 (Surprise). [34] Let A be an event with probability p. The surprise of A
:= log2( 1

p ) when measured in bits or ln( 1
p ) when measured in nats.

Remark 3. In this thesis we’ll always work in nats, and as is common in probability, denote
ln as log.

For a discrete random variable, the entropy is simply the expected surprise over all possi-
ble values.

Example 1. This should make sense in the context of a six-sided die, for example. If the
die is loaded and always rolls a two with probability 1, we should not be surprised at all
when, inevitably, a two is rolled. The surprise is 0 and the entropy is also 0. However, on
a standard six-sided die with equal probability of rolling the values one through six, it is
relatively surprising to roll a two, but it is also surprising to roll a three or a one. Entropy
should capture that.

Definition 2.2.2 (Discrete Entropy [12]). Let X be a random variable taking states x ∈X

with probability mass function p : X → [0,1]. Then we call the entropy of X H(X ) :=∑
x∈X p(x) log( 1

p(x) )

Example 2. Returning to the previous example, consider three random variables D1 rep-
resenting the value rolled by the deterministic always two die, D2 representing the value
rolled by a standard, fair six sided die, and D3 a weighted die that rolls a one with proba-
bility 1/2 and a six with probability 1/2. Let’s compute the entropy of each die.

H(D1) =
6∑

i=1
p(xi ) log(

1

p(xi )
) = 1 · log(

1

1
) = 1 ·0 = 0
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H(D2) =
6∑

i=1
p(xi ) log(

1

p(xi )
) =

6∑
i=1

1

6
log(

1

(1/6)
) = log(6)

H(D3) =
6∑

i=1
p(xi ) log(

1

p(xi )
) = 1

2
log(

1

1/2
)+ 1

2
log(

1

1/2
) = log(2)

Intuitively, this makes sense. The deterministic D1 has zero entropy, since we’re never
surprised to see that it rolls a two. On the other hand, any outcome we see on die D2 is
relatively surprising, since there are six equi-probable options. Finally, the "goldilocks"
die D3 has a little more variability than the deterministic die, but less than the fair die.
This is accurately represented by the ordering of their entropies

H(D1) = 0 ≤ H(D3) = log(2) ≤ H(D2) = log(6)

2.2.3 Differential Entropy

This notion is extended to continuous distributions in the natural way, by computing the
expectation with respect to the density of the random variable.

Definition 2.2.3 (Differential Entropy [12]). For a random variable Y with density f (y),
we define the entropy of Y as h(Y ) = E[log( 1

f (Y ) )] = ∫ ∞
−∞ f (y) log( 1

f (y) )d y

However, there are a few subtleties to keep in mind. Differential entropy has some rel-
atively counter-intuitive quirks as compared to discrete entropy. For one, differential
entropy can be negative! Consider the following simple example.

Example 3. Let X ∼ Unif[0,θ]. Let’s compute the (differential) entropy of X .

h(X ) =
∫

supp(X )

1

θ
log(

1

(1/θ)
)d x =

∫ θ

0

1

θ
log(θ)d x = log(θ)

Notice that for θ ∈ (0,1) h(X ) < 0 while for θ > 1 h(X ) > 0. This suggests some important
intuition: sufficiently "concentrated" continuous distributions have negative entropy.
However, it demonstrates that differential entropy is no longer measuring simple “sur-
prisal," but instead something more complicated.

To see what our intuition for differential entropy should be, consider the following com-
parison of the entropy of a scaled discrete random variable to the entropy of a scaled
continuous random variable.

Example 4. [12] Let X be a discrete random variable with entropy H(X ). Suppose we want
to compute the entropy of a · X where a ∈ R \ 0 is some non-zero real scalar. Intuitively,
changing the units of X (converting from centimeters to meters, for example) should not
change how surprised we are, intuitively. This is borne out by reality in the discrete case:

H(aX ) = ∑
supp(aX )

p(axi ) log(
1

p(axi )
) = ∑

supp(X )
P (aX = axi ) log(

1

P (aX = axi )
)

10



= ∑
supp(X )

p(X = xi ) log(
1

P (X = xi )
) = H(X )

This is because rescaling is a bijection, so it is obvious that for a ̸= 0, P (aX = axi ) = P (X =
xi ), which is the key fact which allows us to move from the first equality to the second.

Now consider the continuous case. Let Y be a continuous random variable with differen-
tial entropy h(Y ). Now consider the entropy of Z = aY :

h(Z ) =−
∫
R

fZ (z) log( fZ (z))d z

Then, by the change of variables formula, the fact that the Jacobian of g (z) = az is d y
d z =

| 1
|a| |, and u-substituting we find

h(Z ) = h(aY ) =−
∫
R

faY (x) log faY (x)d x

=−
∫
R

1

|a| fY

( x

a

)
log

(
1

|a| fY

( x

a

))
d x

u=x/a= −
∫
R

fY (u) log

(
1

|a| fY (u)

)
du

=−
∫
R

fY (u) log fY (u)du + log |a|
∫
R

fY (u)du

= h(Y )+ log |a|.
Thus, in the differential entropy context, changing units also changes entropy. This is
surprising unless we think of entropy as a measure of surprise relative to some reference
distribution or measure. This motivates the more general notion of entropy, which we
will employ from here on out.

2.2.4 Relative and Generalized Entropy

As we’ve seen above, differential entropy and discrete entropy are useful. However, they
are unified under a more general framework: relative entropy, also called K L−divergence.
Intuitively, KL-divergence measures some notion of how far apart a distribution p is from
a distribution q .

Definition 2.2.4 (Kullback-Leibler Divergence, also called Relative Entropy). 1

If µ is absolutely continuous with respect to ν, the KL-Divergence is

DK L(µ∥ν) =
∫
X

log

(
dµ

dν
(x)

)
dµ(x),

where dµ
dν denotes the Radon–Nikodym derivative of µ with respect to ν.

1In this thesis, we’ll use the terms KL-Divergence and relative entropy interchangeably.
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Here, we use the convention mentioned in [12] that 0log( 0
0 ) = 0, 0log( 0

q ) = 0, and

q log( q
0 ) =∞.

Note that KL-Divergence is not a true metric because it is not symmetric and does not
satisfy the triangle inequality [7]. It is however always non-negative, which can be shown
relatively easily with Jensen’s inequality.

In practice, this quantity is often difficult to compute. Except for densities which follow
relatively nice forms (in particular, densities which follow a known exponential family),
the KL-Divergence is not usually available in closed form.

Example 5. In the case where p, q are both Gaussian measures, however, we can compute
this quantity. Let p be the measure corresponding to the distribution N (µp ,σ2

p ) and q

be the measure corresponding to the distribution N (µq ,σ2
q ). Then,

DK L(p||q) = EX∼p [log

(
p(X )

q(X )

)
] = EX∼p [log p(X )−log q(X )] = EX∼p [log p(X )]−EX∼p [log q(X )]

Then, substituting in the normal densities, we find

DK L(p||q) =−1

2
log(σ2

p )− 1

2
log(σ2

q )−EX∼p

[
(X −µp )2

2σ2
p

]
+EX∼p

[
(X −µq )2

2σ2
q

]

Simplifying and using the definition of variance, we find

DK L(p||q) =−1

2
log

(
σ2

p

σ2
q

)
−EX∼p

[
(X −µp )2

2σ2
p

]
+EX∼p

[
(X −µq )2

2σ2
q

]

DK L(p||q) = log

(
σq

σp

)
− 1

2
+ 1

2σ2
q
EX∼p

[
(X −µp )2 +2(µp −µq )(X −µp )+ (µp −µq )2]

DK L(p||q) = log

(
σq

σp

)
+
σ2

p + (µp −µq )2

2σ2
q

− 1

2

2.2.5 Generalized Entropy

Now, we only need one more conception of entropy to complete our discussion. Though
we’ve already defined entropy above, we need to update our definition slightly to ac-
commodate the a context we will encounter in Chapter 4. In particular, as we’ve de-
scribed above in Example 4, differential entropy is not scale-invariant. Generalized-
entropy is also not scale-invariant, but has been re-normalized such that Entρ(c · f ) =
cEntρ( f ) ∀c ≥ 0.
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(a) Gaussian vs Gaussian

(b) Gaussian vs Uniform

Figure 2.1: Examples of KL-divergence behavior under different distribution pairs.
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Definition 2.2.5 (Generalized Entropy [18]). Let f be any non-negative function on X

and µ be some measure on X . We define

Entµ( f ) :=
∫
X

f log( f )dµ−
(∫

X
f dµ

)
· log

(∫
X

f dµ

)
Remark 4. Note as in the rest of Section 2.2, we use the convention that 0log0 = 0.

Remark 5 (Connection Between Generalized Entropy and Relative Entropy). Notice that
if f is already normalized such that

∫
X f dµ = 1, then it is a probability density. In that

case, we have that

Entµ( f ) =
∫

f log f dµ= H( f µ|µ)

Finally, we will state and prove two lemmas that will be extremely useful later. First,
we’ll offer a second way to express this generalized entropy as a supremum over a set of
functions, and second we’ll describe how this entropy behaves on product measures.

Lemma 2.2.6 (Generalized Entropy is a Supremum, [22]).

Entµ( f ) = sup
g :E[eg ]≤1

E[ f g ]

where expectations are with respect to µ.

The following proof expands the presentation given in [22], where the proof of this lemma
is compressed into the proof of Proposition 2.2.

Proof. As usual, in order to show equality, we’ll show both directions of the inequality.
First, recall that

Entµ( f ) =
∫
X

f log( f )dµ−
(∫

X
f dµ

)
· log

(∫
X

f dµ

)
Then, consider the normalized version of f , which we’ll define as

h = f∫
f dµ

Then, we have

Entµ( f ) =
∫

f log
f∫

f dµ
dµ=

(∫
f dµ

)∫
h loghdµ

Then, by Young’s Inequality (see [22], page 25), we have that

a ·b ≤ a log a −a +eb for a ≥ 0,b ∈R

Then,
h · g ≤ h logh −h +eg for g any function R→R

14



Then, integrating both sides, we have∫
hg dµ≤

∫
h logh −h +eg dµ=

∫
h loghdµ−1+

∫
eg dµ

Re-normalizing to recover f , we multiply by
∫

f dµ on both sides to find∫
f g dµ≤

(∫
f dµ

)∫
h loghdµ

Then, we have

E[ f g ] ≤ Entµ( f )

Then, noticing that this inequality holds for arbitrary g as defined above, we may take the
supremum on both sides to conclude

sup
g :E[eg ]≤1

E[ f g ] ≤ Entµ( f )

Then, for the other direction, we observe that we can take

g∗ = log
f∫

f dµ

since ∫
eg∗dµ= 1

Then, consider ∫
f g∗dµ=

∫
f log

f∫
f dµ

dµ= Entµ( f )

which finishes the other direction of the inequality and therefore completes the proof.

The next lemma is very useful in Chapter 4.

Lemma 2.2.7 (Tensorization of Entropy, Proposition 2.2 in [22]). Let (Xi ,Fi ,µi ), i =
1, . . . ,n, be probability spaces, define X := X1 × ·· · ×Xn and P := µ1 ⊗ ·· · ⊗µn . Let f :
X1 ×·· ·×Xn →R be measurable and non-negative. Define

fi (xi ) = f (x1, x2, . . . , xi−1, xi , xi+1, . . . , xn)

where we treat (x1, . . . , xi−1, xi+1, . . . , xn) as fixed. Then, we have that for any such f , the
following inequality holds:

EntP ( f ) ≤
n∑

i=1
E[Entµi ( fi )].

As above, the proof of this lemma expands the treatment given by [22]in Proposition 2.2.

15



Proof of Lemma 2.2.7. First, consider a function g : X →Rwhich satisfies
∫

eg dP ≤ 1.
We want to understand what the i th coordinate contributes when we decompose g . In
particular, consider

Gi (xi , . . . , xn) :=
∫
X

eg (x1,...,xn )dµ1(x1) . . .dµi−1(xi−1)

and

Gi+1(xi+1, . . . , xn) :=
∫
X

eg (x1,...,xn )dµ1(x1) . . .dµi (xi )

Then, define
g i (x1, . . . , xn) = log(Gi /Gi+1)

Then, g i can be thought of the additional log-weight gained by observing xi once you’ve
already seen xi+1, xi+2, . . . xn . Concretely, we can think of

g i (Xi , . . . , Xn) = log(E[eg |Xi , . . . Xn])− log(E[eg |Xi+1, . . . , Xn])

which can be thought of as the ‘reverse martingale increment.’
Now, notice that g i satisfies our requirement from Lemma 2.2.6,∫

X
eg i (xi ,...,xn )dµi ≤ 1

since, for each fixed (xi+1, . . . , xn),∫
Xi

eg i (xi ,...,xn ) dµi (xi ) = 1

Gi+1(xi+1, . . . , xn)

∫
Xi

Gi (xi , . . . , xn)dµi (xi ) = 1.

Then, we can also notice that

g (x1, . . . xn) ≤
n∑

i=1
g i (x1, . . . , xn) for all (x1, . . . , xn) ∈X1 ×X2 ×·· ·×Xn

since the sum telescopes as follows:

n∑
i=1

g i =
n∑

i=1
(log(Gi )− log(Gi+1)) = log(G1)− log(Gn+1) = g − log(

∫
eg dP ) ≥ g .

The final inequality holds because we have by hypothesis that
∫

eg dP ≤ 1 =⇒ log(
∫

eg dP ) ≤
0.
Now, notice that the above gives immediately that

EP [ f g ] ≤
n∑

i=1
EP [ f g i ]
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Now, we’ll look at the LHS of this inequality. Consider one term in the sum. Then, rewrit-
ing the expectation as an integral and interchanging the inner and outer integral by Fu-
bini’s theorem, we find

EP [ f g i ] = Eµ−i

[∫
Xi

fi (t )(g i )i (t )dµi (t )

]
Where µ−i means we integrate over all coordinates which are not i .
Therefore,

E[ f g ] ≤
n∑

i=1
EP [ f g i ] =

n∑
i=1
Eµ−i

[∫
Xi

fi (t )(g i )i (t )dµi (t )

]
≤

n∑
i=1
EP [Entµi ( fi )]

Thus, we can take the supremum on both sides over all admissible test functions g and
finally apply the result of Lemma 2.2.6 Therefore, we have

EntP ( f ) = sup
g :E[eg ]≤1

E[ f g ] ≤
n∑

i=1
EP [Entµi ( fi )]

which completes the proof.

2.3 Optimal Transport Background

Just like Gaspard Monge, our first task is to make precise what we mean by an “efficient”
transport plan. There are two ways to frame the optimal transport problem: one is due
to Gaspard Monge and the other is due to Kantorovich. The latter is usually seen as a
generalization of Monge’s approach [39].

2.3.1 Transport Plans

This begins with the definition of a transport map, which requires a review of the notion
of a “push forward measure."

Definition 2.3.1 (Pushforward). Let (X ,B(X )) and (Y ,B(Y )) be two measurable spaces.
Let µ be a measure on X . Further, let T : X →Y be a measurable function. We say that
T#µ the push forward measure of µ by T on Y is defined by

(T#µ)(B) :=µ(T −1(B)) ∀B ∈B(Y )

Then, we can define the transport map.

Definition 2.3.2 (Transport Map). Let (X ,B(X )) and (Y ,B(Y )) be two measurable
spaces. Let µ be a measure on X and ν be a measure on Y . We say that T : X → Y is a
transport map if ν= T#µ.
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This idea is closely related to how we think about couplings of measures µ and ν.

Definition 2.3.3 (Coupling). [41] Let (X ,µ) and (Y ,ν) be two probability spaces with µ
and ν two probability measures. We say that π ∈P (X ×Y ) is a coupling of µ and ν if it
has the property that π(A×Y ) =µ(A) and π(X ×B) = ν(B). The set of all such couplings
of µ and ν is denotedΠ(µ,ν).

Example 6. The simplest example of a coupling is the ‘product’ measure, µ⊗ ν. Let
(X ,µ) and (Y ,ν) be two probability spaces with µ and ν two probability measures as in
the definition. Let π := µ⊗ν be a measure on the space X ×Y ,B(X )⊗B(Y ) defined
by π(A ×B) = µ(A)ν(B). We can easily verify that this satisfies our definition. Namely
π(A×Y ) =µ(A)ν(Y ) =µ(A) as desired, since the measure of the whole space is always 1.
Similarly π(X ×B) =µ(X )ν(B) = ν(B). Conveniently, this formulation assures us that for
any two measures (µ,ν), the set of all their couplingsΠ(µ,ν) is never empty.

Example 7. For concreteness, consider the set of couplings of µ= ν= Bernoulli(1/2). We
know at least that the independent coupling exists from the example above. Since µ= ν
there exists a diagonal coupling, ie π({(x, y) ∈X ×X : x = y}) = 1. We also have the per-
fect correlation case: X = Y =⇒ P (X = Y ) = 1. A natural question is what are all such
couplings. Because Bernoulli random variables are simple, we can give a complete de-
scription. First notice that the coupling is fully determined by the set of joint probabilities
pi j := P (X = i ,Y = j ) for i , j ∈ {0,1} where pi j ≥ 0,

∑
i , j pi j = 1 and we have the following

marginal constraints to ensure that µ(A) = Bern(1/2) and ν(A) = Bern(1/2), namely that
the row and column sums are all 1/2 in the following table.

Y = 0 Y = 1 Row sum
X = 0 p00 p01

1
2

X = 1 p10 p11
1
2

Col sum 1
2

1
2

We can solve this system to express the set of all couplings of µ,ν. These marginal con-
straints imply the system is uniquely determined by a single parameter θ = p00. Solving
in terms of θ, we find p10 = 1

2 −θ by the column constraint, p01 = 1
2 −θ by the row con-

straint, and using the fact that
∑

i , j pi j = 1, we find p11 = θ. Thus, any coupling of these
two measures µ and ν can be expressed (for 0 ≤ θ ≤ 1

2 , to ensure we have non-negative
probabilities) as

Pθ =
[

θ 1
2 −θ

1
2 −θ θ

]
In particular this means the set of couplings Π(µ,ν) = {Pθ : θ ∈ [0, 1

2 ]} is a 1-dimensional
convex set, which we can think of as a line segment in this context.
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This example also builds the useful intuition that for discrete marginal distributions µ
(which assigns positive mass to m values, that is, has support size m) andν (which assigns
positive mass to n values, that is, has support size n) the set of all possible couplings,
Π(µ,ν), is a convex set with dimension (m −1) · (n −1) [23].

The idea of a “push forward measure" also gives rise to a natural coupling. In particular,
if ν = T#(µ) is a push forward, then the coupling π := (I d ,T )#µ is a coupling of µ and
ν. Unfortunately, not every coupling arises from such a map T . Consider the following
counterexample.

Example 8 (Sometimes, there exist couplings between measures, but no transport map!).
Consider two discrete measures, µ and ν where µ = δx is a Dirac mass at x and ν =
2
3δy1 + 1

6δy2 + 1
6δy3 , where y1 ̸= y2 ̸= y3. Then ν(y1) = 2

3 , ν(y2) = 1
6 , and ν(y3) = 1

6 , but
µ(T −1(yi )) ∈ 0,1∀i ∈ {1,2,3}, since µ must be zero unless x ∈ T −1(y1)∪T −1(y2)∪T −1(y3).
The key structural problem here is that transport maps can’t split mass from a single atom
using a deterministic map, so any push forward measure T#µ= δT (x) must also be a Dirac
mass.

This asymmetry will be relevant when comparing the Monge and Kantorovich formula-
tions of the optimal transport problem later.

2.3.2 Cost Functions

The notion of efficiency is made formal by a “cost” function which we require to be lower
semi-continuous and bounded below at 0.

Definition 2.3.4. Recall that a function f : D →R is lower semi continuous at x̄ if

∀ε> 0 ∃δ> 0 s.t. f (x̄)−ε< f (x) ∀x ∈ Nδ(x̄)∩D.

There are many natural cost functions, which are of varying degrees of utility depending
on the context.

(a) Euclidean Distances

(i) c(x, y) = |x− y | is a very natural notion of distance which simply penalizes the
absolute distance between the initial point x and the end point y . Suppose
we’re in Monge’s situation of moving dirt from one set of piles to another set of
locations. Perhaps the cost corresponds to how much fuel is needed to move
the dirt and our cars have constant gas mileage over distance.

(ii) c(x, y) = (x − y)2 is the most commonly used cost. This might correspond
to a context in which humans move dirt and get more and more tired as the
distance increases.

(iii) c(x, y) = |x − y |p is the natural generalization of cost functions based on Eu-
clidean notions of distance
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(b) Discrete Cost I(x ̸= y) penalizes disagreement with a constant factor of 1 and says
that staying in place costs nothing. This cost offers a convenient connection to the
total variation distance between two measures, as we’ll see later.

(c) Stranger Costs: so far, we’ve seen relatively nice functions, but cost functions need
not correspond to metrics

(i) Asymmetric Costs: c(x, y) ̸= c(y, x) Perhaps transporting dirt from x to y re-
quires moving uphill and is thus more difficult than moving dirt downhill
where gravity helps. In that case a sensible cost function would be necessarily
asymmetric.

(ii) Possibility / Impossibility costs: suppose we require that our transport plan is

supported on some areaΓ. A cost function like c(x, y) =
{

c̃(x, y) for (x, y) ∈ Γ
+∞ for (x, y) ∉ Γ

would account for that constraint.

2.3.3 Monge and Kantorovich Formulations

Now, we finally have all the necessary machinery for stating Monge’s Optimal Transport
problem.

Definition 2.3.5 (Monge’s Optimal Transport Problem). [39] Given two probability spaces
(X ,µ) and (Y ,ν) with µ and ν two probability measures, find the Tmin such that∫

X
c(x,Tmin(x))dµ(x) = inf

µ−measurable maps T :X→Y :ν=T#µ

∫
X

c(x,T (x))dµ(x)

What this definition says is that we’re looking for the measurable map T that sends µ to
ν and that makes the total cost of moving mass from x to T (x) as small as possible with
some initial allocation of mass specified by µ. This problem treats each x as indivisible.
If we have three piles of dirt x1, x2, x3, then we’re obliged in this formulation to send all
of the dirt in pile 1 to T (x1). Here we treat our initial divisions of the mass as fixed, un-
splittable objects. But what if it is more convenient to move half of the mass of dirt in pile
1 to one location and half the mass to another? This possibility is allowed under a more
general formulation of the OT problem.

Definition 2.3.6 (Kantorovich’s OT Problem). [39] Given two probability spaces (X ,µ)
and (Y ,ν) with µ and ν two probability measures, find the coupling that minimizes∫

X×Y
c(x, y)dπ(x, y)

over all couplings π ∈Π(µ,ν).

20



We know that there exists at least one coupling, since the independent coupling exists (as
described above).

Let’s consider a simple example to see what we’re actually comparing in the Kantorovich
formulation.

Example 9. Consider X = R and suppose ν and µ are the laws of familiar random
variables. Let X ∼ ν = Unif[0,1] and Y ∼ µ = Unif[1,2]. Consider two potential cou-
plings, either Y = X +1 or X and Y independent. Consider the cost function given by
c(x, y) = (x − y)2. Now, we’ll compute the cost of each coupling.
For the independent random variables, we find

∫
R2

(x − y)2dπ(x, y) =
∫ 2

1

∫ 1

0
x2 −2x y + y2d xd y =

∫ 2

1
1/3− y + y2d y = 7/6

Now consider the coupling Y = X +1.2 We find that the cost is given by∫
R2

(x − y)2dπ(x, y) = Eπ[(X − (X +1))2] = 1

Thus, with the quadratic cost, we observe that the independent coupling is strictly more
expensive, which should accord with our intuition, since quadratic cost penalizes spread-
ing mass widely, and the deterministic coupling bounds cost between any two x and y at
1, preventing scenarios possible under the independent coupling, like (x = 0.001, y = 2).

Remark 6. It is also important to observe that the Monge and Kantorovich problems need
not coincide when no transport maps exist. In particular, the Monge problem is not guar-
anteed to have a solution, while the Kantorovich problem is.

It is worth noting at this juncture that for continuous distributions, this problem is only
analytically tractable in a few special cases. Monge’s formulation, for example, with L1

cost |x − y | was only solved correctly in 1999, as mentioned in [39]. This is a major moti-
vation for the transport-entropy inequalities presented in Chapter 3. In particular, when
we cannot compute the transport distance directly, it is often sufficient to upper bound
it with some tractable quantity, like entropy.

However, in discrete cases, there is a clear algorithmic approach. The following example
is inspired by the wonderful blog post, [42].

Example 10. Suppose you are Gaspard Monge practicing moat building in a nice grassy
field. Consider five piles of dirt and five holes scattered around this field. Piles of dirt

2Interestingly, as we’ll be able to prove later Y = X +1 is the optimal coupling. To understand why, we
need to dig into the structure of the problem. The key fact here is that our cost function c(x, y) is particularly
nice in that it looks like the Euclidean distance in R2. It turns out that this analogy is incredibly important.
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correspond to our initial distribution µ and holes correspond to our desired final config-
uration ν. Suppose that the dirt is initially distributed as follows:

µ= 1

10
δ(x1,y1) + 3

10
δ(x2,y2) + 4

10
δ(x3,y3) + 1

10
δ(x4,y4) + 1

10
δ(x5,y5)

where δ(xi ,yi ) is a Dirac mass at location (xi , yi ). We suppose our field is divided up into 25
squares, each of which is 1 meter by 1 meter. Each pile of dirt and each hole lives entirely
in one of those squares.
Suppose our holes are distributed according to ν as follows

ν= 1

5
δ(u1,w1) + 1

5
δ(u2,w2) + 1

5
δ(u3,w3) + 1

5
δ(u4,w4) + 1

5
δ(u5,w5)

Suppose our cost function is is

c(a⃗, b⃗) =
√

(a1 −b1)2 +λ(a2 −b2)2, λ> 1

because moving in the left-right direction in our field is much easier than moving in the
up-down direction. We can compute our cost matrix C as follows

C =
[√

(xi −u j )2 +λ(yi −w j )2
]

i , j∈{1,2,...,5}
∈R5×5

Here, the (i , j )th entry of C represents the cost to move from pile i to hole j .
Then, the transport plan T ∗ is determined as follows.

T ∗ = argminT∈R5×5
≥0

〈T,C〉 = argminT∈R5×5
≥0

5∑
i=1

5∑
j=1

Ti j Ci j subject to T 1 =µ and T T 1 = ν

where the constraint enforces that we have the correct marginals. Then, T ∗
i j is the amount

of dirt transported from pile i to hole j . Notice that this is just a simple constrained linear
optimization problem, so linear programming techniques can solve this easily.

Lemma 2.3.7 (Existence of Kantorovich Transport Plans). [39] Given two Polish spaces
(X ,µ) and (Y ,ν) with µ and ν two probability measures, and a lower-semi contin-
uous cost function c : X × Y → [0,∞), there exists a πmin ∈ Π(µ,ν) that minimizes
K(π) = ∫

X×Y c(x, y)dπ(x, y) over all couplings π ∈Π(µ,ν).

Proof. [39] We’ll approach this directly. First, we want to show that the set we’re minimiz-
ing over is compact, so our first task is to verify thatΠ(µ,ν) is compact in the topology of
convergence in distribution3. Then, we’ll consider a minimizing sequence of measures
πn such thatK(πn) → infπ∈Π(µ,ν)K(π) and apply lower-semi-continuity to conclude that
πmin is a true minimizer.

3Often called weak convergence by probabilists and weak* convergence by folks from functional analysis
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Step 1: Compactness We’ll show that the space of couplingsΠ(µ,ν) is compact first by
verifying that it is tight and then applying Prokhorov’s theorem. Recall that the fam-
ily of measures Π(µ,ν) is tight if ∀ϵ > 0, there exists a compact set A × B such that
π(A×B) ≥ 1−ϵ ∀π ∈Π(µ,ν).

To see that this is the case here, recall that since µ and ν are Borel measures on Polish
spaces, we know they are inner regular. Thus for any δ > 0 we can find compact sets
K ⊂ X and L ⊂ Y such that µ(X \ K ) ≤ δ and similarly for ν such that ν(Y \ L) ≤ δ. Notice
that this bounds how much mass can sit outside K ×L under anyπ ∈Π(µ,ν). In particular,
any point (x, y) ∉ (K ×L) means that either x ∉ K or y ∉ L. This means we can use sub
additivity to find the bound

π((X ×Y ) \ (K ×L) ≤π(X × (Y \ L))+π((X \ K )×Y )

Now, we can apply the definition of a coupling which preserves marginals. Since above
we’re taking the measure of the whole sample space in one coordinate and a subset in
the other, we find

π((X ×Y ) \ (K ×L)) ≤ ν(Y \ L)+µ(X \ K )

Then, applying the bounds from inner regularity above, this directly implies

π((X ×Y ) \ (K ×L)) ≤ δ+δ =⇒ π(K ×L) ≥ 1−2δ

Choosing δ= ϵ
2 gives the exact statement of tightness.

Now, we need to invoke Prokhorov’s Theorem [6] which says that a collection of proba-
bility measuresΠ(µ,ν) is tight if and only if the closure ofΠ(µ,ν) is sequentially compact
under the topology of convergence in distribution. We’ve just shown thatΠ(µ,ν) is tight,
thus its closure must be sequentially compact. If we can show thatΠ(µ,ν) is its own clo-
sure (that is, it is closed), then we have demonstrated thatΠ(µ,ν) is sequentially compact.

Now, recall that a set is closed if it contains all its limit points. Consider a sequence πn ∈
Π(µ,ν) that converges in distribution toπ, which means precisely that for any continuous
bounded test function f , we have∫

f (x, y)dπn(x, y) →
∫

f (x, y)dπ(x, y)

We need to show that π ∈ Π(µ,ν). The trick here is to choose a clever test function f̃
which allows us to conclude that µ = P X

# π and ν = P Y
# π. Pick f (x, y) = f̃ (x) where f̃ is

continuous and bounded (which amounts to a nice projection onto the x coordinate).
First, note that since for every n, πn has µ as its marginal in the x-coordinate, we know∫

f̃ (x)dµ(x) =
∫

f (x, y)dπn(x, y)
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Then, by hypothesis ∫
f (x, y)dπn(x, y) →

∫
f (x, y)dπ(x, y)

Then, by definition of the pushforward measure, this means∫
f̃ (x)dµ(x) =

∫
f (x, y)dπn(x, y) →

∫
f (x, y)dπ(x, y)

=
∫

f (x, y)dP X
# π(x)

Then, since we’re working in Polish spaces, if two measures agree when integrated against
every bounded continuous test function, they must be equal. Thus µ = P X

# π. We can
play exactly the same game with f (x, y) = g̃ (y) to conclude that ν = P Y

# π. Therefore,
limn→∞πn =π ∈Π(µ,ν) so we have thatΠ(µ,ν) is weakly closed.

Now, recall that on Polish spaces, sequential compactness is equivalent to compactness,
so we’ve finished step 1, showingΠ(µ,ν) is compact.

Step 2: π∗ is a Minimizer If we knew that our cost function c(x, y) was bounded and
continuous, we would be done, but in this context there are two reasons why we can’t ap-
ply convergence directly. First, note that c(x, y) is lower-semi-continuous on the product
space X ×Y but what we actually want to say is thatK(π) is lower semi continuous on the
space of measures with the topology of convergence in distribution. The Portmanteau
Theorem allows us to move between these ideas, since it gives equivalent definitions for
convergence in distribution [6].

Let πn ∈Π(µ,ν) be a minimizing sequence, that is K (πn) → infπ∈Π(µ,ν) K (π). Then, since
Π(µ,ν) is sequentially compact as established above, we have that there exists a subse-
quence πnk and some π∗ ∈Π(µ,ν) such that πnk →π∗. Now we just need to verify that

inf
π∈Π(µ,ν)

K(π) ≥
∫
X×Y

c(x, y)dπ∗(x, y)

Note first that the Portmanteau theorem gives us that

K(π∗) =
∫
X×Y

c(x, y)dπ∗(x, y)

≤ liminf
n→∞

∫
X×Y

c(x, y)dπn(x, y) = lim
n→∞K(πn) = inf

π∈Π(µ,ν)
K(π)

Then, by the definition of inf, we haveK(π∗) ≥ infπ∈Π(µ,ν)K(π). Therefore, we have

K(π∗) = inf
π∈Π(µ,ν)

K(π)

which says exactly that π∗ =πmin is a minimizer.
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Now that we know that such minimizer exists for the Kantorovich formulation, it still
remains to understand why this formulation which we’ve gone to a lot of trouble to es-
tablish might be useful. To see this involves stepping back for a moment and considering
three ways to compute the distance between two measures that we’ve seen thus far. First,
we’ve discussed the K L Divergence between two measures µ and ν, second we’ve (implic-
itly) seen the notion of an Lp distance between two functions, which we can extend to the
Lp distance between two cumulative distribution functions corresponding to measures,
and third we’ve seen the notion of optimal transport distance, namely the smallest total
cost to move some mass from some configuration µ to some other configuration ν.

Example 11. This example is loosely inspired by a discussion in [39].
Consider the following simple example: letµ be the measure corresponding to I(X ∈ [0,1])
and ν be the measure corresponding to I(X ∈ [δ,1+δ]) for some δ> 0. Let’s compute all
three notions of distance between these two measures.

(a) KL-Divergence
DK L(µ||ν) =∞

since for any δ> 0, there exists the region [0,δ) of length δ where µ assigns some
positive probability and ν assigns none. Therefore µ is not absolutely continuous
with respect to ν so the KL-divergence is infinite. Note also that this is not an
issue of ordering either. While the other examples are symmetric and DK L is not in
general, in this case DK L(ν||µ) =∞ because of the support mis-match at the upper
end, this time, on the region [1,1+δ). This clearly does not result in a sensible
notion of distance.

(b) Lp Distance
A reasonable thing to do in this case might be to consider the Lp distance between
the two density functions corresponding to µ and ν. Recall that fµ = I(X ∈ [0,1])
and fν = I(X ∈ [δ,1+δ]). Then

dLp ( fµ, fν) = || fµ− fν||pp
Then, note that

fµ(x)− fν(x) =


1 x ∈ [0,δ)

0 x ∈ [δ,1]

−1 x ∈ (1,1+δ]

Thus

dLp ( fµ, fν) =
{

(2δ)1/p for |δ| < 1

21/p for |δ| ≥ 1

This approach is more reasonable in the sense that it as δ→ 0, fµ and fν get closer
together. However it says unreasonably that the distance between fµ and fν is the
same for all δ> 1. In particular, it says that fµ and fν are exactly 21/p apart whether
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δ = 1 or δ = 1000000000, which seems not to respect the underlying geometry of
the problem. If, for example, you were responsible for moving dirt from µ to ν, you
would certainly notice the difference between δ= 1 and δ= 1000000000.

(c) OT Distance with p−norm Cost
The optimal transport distance is exactly given as

inf
π∈Π(µ,ν)

∫ ∫
(x − y)p dπ(x, y)

Consider the deterministic coupling induced by T (x) = x +δ, which resembles the
coupling we considered in Example 9. This transport map corresponds exactly
to π∗ = (I d ×T )#µ and has the correct marginals, which says x ∼ Unif[0,1] and
x +δ∼ Unif[δ,1+δ]. Then π∗ ∈Π(µ,ν) and it has cost∫ ∫

|x − y |p dπ∗(x, y) =
∫ 1

0
|x − (x +δ)|p d x = δp

We know that this is the optimal coupling by the Monotone Rearrangement Theo-
rem.

Theorem 2.3.8 (Monotone Rearrangement Theorem [33]). Let ν and µ be two
Borel-measurable probability measures on Rwith CDFs Fν and Fµ respectively. Let
F−1
µ (u) := inf{y ∈ R : Fµ(y) ≥ u} for u ∈ [0,1] be the quantile function. Then, let

c(x, y) = d(x − y) be a convex, continuous cost function such that∫ 1

0
d

(
F−1
ν (t )−F−1

µ (t )
)

d t <∞.

Define the non-decreasing map

T (x) := F−1
µ

(
Fν(x)

)
, x ∈R.

Then the coupling π := (id,T )#ν is an optimal solution of Kantorovich’s optimal
transport problem between ν and µ with cost c. If, in addition, if Fµ is continuous
and d is strictly convex, then T is the unique optimal transport map from ν to µ.

The theorem is proved in [33], another nice exposition of it is given in Theorem 2.1
in [39]. We do not prove this theorem here because it is not crucial to the point of
this thesis, which argues in effect that rather than direct computation of transport
distances, an upper bound provided by an easy and elegant entropy computation
usually suffices. We will provide a sketch of the main ideas of the proof below for
the interested reader.
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Proof. The idea of the proof is to first notice that any optimal coupling γ has a
crucial monotone property which holds for all (x, y) ∈ supγ.
In particular the set supγ is monotone in a particular way which means that for
any pair of points (x, y) and (x̃, ỹ), we have that

d(x − y)+d(x̃ − ỹ) ≤ d(x − ỹ)+d(x̃ − y).

The key insight which is usually shown via contradiction is that this monotone
property implies monotone behavior of the transport map, that is

x ≤ x̃ =⇒ y ≤ ỹ .

This result finishes the strictly convex case. For the non-strict case, the idea is to
use a sequence of approximating functions, each of which is strictly convex, and
simply take the limit.

This result tells us that the minimum distance is given exactly by∫ 1

0
(F−1
µ (t )−F−1

ν (t ))p d t =
∫ 1

0
(t − (t +δ))p d t = δp

since the inverse CDFs here are precisely F−1
µ (t ) = t and F−1

ν (t ) = t +δ for t ∈ [0,1].
Thus our coupling is the optimal coupling and therefore the optimal transport dis-
tance between µ and ν is exactly δp . This has very nice, intuitive properties. In
particular, it is strictly increasing in δ and goes to 0 as δ→ 0. In particular, the op-
timal transport distance with p−norm cost respects that difference between δ= 1
and δ= 1000000000 that both K L Divergence and Lp distance ignore.

Notice though that this is as much a property of our choice of cost function c(x, y) as it is
of the optimal transport problem formulation. If we had instead chosen a cost function
like c̃(x, y) = min(1, |x − y |2), we could re-create the problems with the L2 formulation in
the problem. In particular, the optimal transport distance with this new cost function
c̃(x, y) = min(1, |x − y |2) would be the same for δ< 1, ie the transport distance would be
δ2, but for δ> 1 the transport distance would get “stuck" at 1. In particular for δ> 1, the
OT distance is 1 regardless of whether δ= 1 and δ= 1000000000.

This gives us the crucial intuition for defining Wasserstein distances: we want something
that respects the underlying geometry of the problem.

Whenever we discuss Wasserstein distances, we’ll restrict ourselves to the following set-
ting. Let X ⊆Rd and Y ⊆Rd , and let’s work only with distributions whose p th moment
is bounded. In particular, let

µ,ν ∈Pp (X ) = {γ ∈P (X ) such that
∫
X
|x|p dµ(x) <∞}
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Definition 2.3.9 (Wasserstein Distance). [39] [33] Let µ,ν ∈ Pp (X ). Then, the Wasser-
stein distance is defined as

Wp (µ,ν) = min
π∈Π(µ,ν)

(∫
X×X

|x − y |p dπ(x, y)

) 1
p

Remark 7. This should be very familiar! The Wasserstein distance is exactly the p th root of
the minimum of the Kantorovich optimal transport problem with cost function c(x, y) =
|x−y |p . From here on out, we’ll denote the solution to the Kantorovich optimal transport

problem with cost function c as Tc (ν,µ). This means we can write Wp (µ,ν) =Td p (µ,ν)
1
p .

Lemma 2.3.10. Notice that the Wasserstein distance is a valid metric on the space of the
space of distributions with bounded p th moment.

Proof. The metric inherits its properties from the c(x, y) = |x − y |p . Symmetry and non-
negativity are immediate from the structure of the cost function. The triangle inequality
comes from ‘gluing’ measures together and Minkowski’s inequality, though this takes
some effort to prove. See [33] Lemma 5.2 and Lemma 5.3 for full details.
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Chapter 3

Classical Transport-Entropy Inequalities

The key idea behind transport-entropy inequalities is that there should be some way to
connect how far distribution ν is from distribution µ (the optimal transport distance) to
how surprising ν looks if you expected µ (the relative entropy). Intuitively these ideas are
closely connected as the many examples given in Chapter 2 seem to suggest.

This chapter will first introduce a general formulation for transport-entropy inequalities
in Section 3.1. In Section 3.2, we introduce the most common class of transport-entropy
inequalities, Tp inequalities which compare Wasserstein distance to relative entropy and
prove that Gaussian measures satisfy a T2 inequality. Next, in Section 3.3, we present
a classical inequality, Pinsker’s inequality as a kind of ‘T0’ transport-entropy inequality.
Finally, in Section 3.4, we demonstrate one application of transport-entropy inequalities:
establishing concentration inequalities.

3.1 Introduction to Transport-Entropy Inequalities

Definition 3.1.1 (Transport-Entropy Inequality [17]). Let c : X ×X →R be a lower semi-
continuous cost function and let

H( · |µ) : P (X ) → [0,∞)

be the relative entropy of some measure with respect to µ. Let α : [0,∞) → [0,∞) be an
increasing function satisfying α(0) = 0.
We say that µ ∈P (X ) satisfies a transport-entropy inequality if

α
(
Tc (ν,µ)

) ≤ 2C H(ν |µ) for all ν ∈P (X ),

where Tc (ν,µ) denotes the optimal transport cost with respect to the lower semi-continuous
cost function and C is a fixed, non-negative constant.

Remark 8. This requires that α
(
Tc (µ,µ)

)= 0, since we know that H(µ |µ) = 0. To ensure
thatα

(
Tc (µ,µ)

)= 0, it is enough to require c(x, x) = 0 for all x ∈X andα(0) = 0, which we

29



assume from here on out. Notice that if we don’t require that α
(
Tc (µ,µ)

)= 0, no measure
will ever satisfy this inequality, since the relative entropy of µ with respect to itself is
always 0, as made clear by Definition 2.2.4.

3.2 Tp Inequalities

Arguably the most important class of such inequalities offer a bound on Wasserstein
distance by relative entropy. These inequalities are the so-called Tp inequalities which
provide bounds on the Wasserstein−p distance.

Definition 3.2.1 (Tp Inequality). Let (X ,d) be a metric space and µ a measure of X such
that

∫
X d(x0, x)p dµ(x) <∞ for some x0 ∈X . We say that µ satisfies a Tp inequality with

constant C > 0 if for all probability measures ν on X such that
∫
X d(x0, x)p dν(x) <∞ for

some x0 ∈X , we have
Wp (µ,ν)2 ≤ 2C H(ν|µ)

or equivalently
Wp (µ,ν) ≤√

2C H(ν|µ)

where H(·|µ) is the relative entropy with respect to µ and Wp is the Wasserstein-p dis-
tance.

Remark 9. In general, we restrict to measuresµ,ν ∈Pp (X ) = {γ ∈Pp (X ) :
∫
X |x|p dγ(x) <

∞}, that is measures that have finite p th moment because we need the Wasserstein−p
distance to be finite in order for this inequality to be meaningful.

Remark 10. Different authors have different preferences and conventions about whether
to absorb the 2 into the constant C . We choose not to and will be consistent with this
throughout Chapters 3 and 4.

The two most common transport-entropy inequalities are the T1 and T2 inequalities.

Definition 3.2.2 (T1 Inequality: T1(C ) : W1(ν,µ) ≤√
2C H(ν |µ)). [18]

Define

P1(X ) :=
{
ν ∈P (X ) :

∫
d(x0, x)dν(x) <∞ for some x0 ∈ X

}
.

For µ ∈P1(X ), we say that µ satisfies the transport inequality T1(C ) with constant C > 0
if for every ν ∈P1(X ),

W1(ν,µ) ≤√
2C DK L(ν |µ),

where W1 denotes the 1-Wasserstein distance and DK L(ν | µ) is the Kullback–Leibler
divergence, which is also called the relative entropy and denoted H(ν|µ).
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To build intuition, we consider two simple reference measures µ on R and compute the
quantities in the T1 inequality along a concrete parametric subfamily {νθ} of absolutely
continuous measures.

Proving the T1(C ) inequality from its definition is often difficult, because it requires veri-
fying that

W1(ν,µ) ≤√
2C H(ν |µ)

holds for all ν≪µwith H(ν |µ) <∞ and finite first moment. In the short examples below
we instead verify the inequality only for a named parametric subfamily {νθ}. This direct
calculation is useful for intuition, but it does not by itself establish that µ satisfies T1(C )
universally.

Example 12 (Beta Distribution). Consider µ as the measure corresponding to a Beta(1,1)
distribution and define the test family as νt = {Beta(t +1,1) : t >−1}. First, let’s compute
the relative entropy.
First, note both densities have the same support, so the relative entropy is finite and well
defined.

H(νt |µ) =
∫ 1

0

dνt

dµ
(x) log(

dνt

dµ
(x))d x =

∫ 1

0
(1+ t )x t (log(1+ t )+ t log(x))d x

= (1+ t )
∫ 1

0
x t log(1+ t )d x + (1+ t )

∫ 1

0
x t t log(x)d x = log(1+ t )− t

1+ t

which results from applying nice results about β integrals [7].

Now, we’ll compute the Wasserstein-1 Cost W1(νt ,µ). Here, we’ll apply the Monotone Re-
arrangement Theorem (Theorem 2.3.8) which gives us a straightforward way to compute
the Wasserstein-1 distance. First, note that the distribution functions of µ and νt on [0,1]
are

Fµ(x) = x, Fνt (x) =
∫ x

0
(1+ t )ut du = x1+t .

By Theorem 2.3.8, the optimal transport from µ to νt for the cost c(x, y) = |x − y | is given
by the monotone map

T (x) = F−1
νt

(
Fµ(x)

)= F−1
νt

(x) = x
1

1+t ,

and therefore

W1(νt ,µ) =
∫ 1

0
|x −T (x)|dµ(x) =

∫ 1

0

∣∣∣x −x
1

1+t

∣∣∣ d x.

Set p = 1
1+t > 0. Then ∫ 1

0
x d x = 1

2
,

∫ 1

0
xp d x = 1

p +1
.

Note, for t > 0 (i.e. p < 1) we have xp ≥ x on (0,1), while for −1 < t < 0 (i.e. p > 1) we have
xp ≤ x. Thus in all cases

W1(νt ,µ) =
∣∣∣∣1

2
− 1

p +1

∣∣∣∣=
∣∣∣∣∣1

2
− 1

1+ 1
1+t

∣∣∣∣∣=
∣∣∣∣1

2
− 1+ t

2+ t

∣∣∣∣ .
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Finally, simplifying gives the closed form solution

W1(νt ,µ) = |t |
2(2+ t )

, t >−1

Now, note that we have two functions which we want to compare over our entire para-
metric family νt .

H(νt |µ) = log(1+ t )− t

t +1
and W1(νt ,µ) = |t |

2(2+ t )

To see if µ satisfies the T1(C ) inequality for the family νt , we want to compare

t 2

4(2+ t )2
vs 2 ·C · (log(1+ t )− t

t +1
)

Now, finally, we need to show that there is one scalar C which ensures this holds for all
t >−1. Consider the ratio

R(t ) = W1(νt ,µ)2

2H(νt |µ)
=

t 2

4(2+t )2

2(log(1+ t )− t
t+1 )

= t 2

8(t +2)2(log(t +1)− t
t+1 )

Now, note that on the domain (−1,∞) this function which is a composition of continuous
functions is continuous. At the boundaries limt→−1 R(t ) = 0, which can be verified with
L’Hopitals rule and note that limt→∞ R(t ) = 0. Since it is continuous and bounded at
endpoints, it attains a finite supremum. This is effectively by the extreme value theorem,
since, although the interval (−1,∞) is not itself compact, for any ϵ> 0, the set {t : R(t ) ≥
ϵ} is contained in a compact interval to which we can safely apply the extreme value
theorem, which ensures that the maximum is itself contained in (−1,∞). Then we can
safely set

C := sup
t∈(−1,∞)

R(t )

and be assured that this C is large enough to ensure that the family νt does satisfy the
T1(C ) inequality, since for some constant C , we have for all t >−1

t 2

4(2+ t )2
≤ 2 ·C (log(1+ t )− t

t +1
)

See Figure 3.1 to see the comparison between the optimal transport distance (in blue)
and the KL-divergence (in red) for all t >−1. Intuitively, it should make sense that the KL-
divergence grows faster than the Wasserstein distance in this example for the following
reason.

Notice that the parameter t “tilts” the Beta distribution from the uniform distribution on
the unit interval (given by a Beta(1,1)) towards one of the two end points: t > 0 piles mass

near 1 and −1 < t < 0 piles mass near 0. As t →−1, we know Beta(1+ t ,1)
d→ δ0 while also
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Figure 3.1: Relative entropy and KL-Divergence plotted against all possible values of
t >−1

t →∞, we have that Beta(1+ t ,1)
d→ δ1. This means in some sense which we will make

precise later that this family of distributions is ‘concentrated.’ In one dimension, the op-
timal W1-transport is monotone and is explicitly given by the monotone rearrangement
theorem (2.3.8) so W1 is the roughly the average amount of dirt displaced resulting from
this transformation of the unit interval. Crucially, transport on a bounded interval has a
natural saturation point. No coupling can move mass more than distance 1, and as we’ve
seen,

W1(νt ,µ) ≤ 1

2
.

However, the relative entropy does not saturate: as t →∞ (or t ↓ −1) the tilted density be-
comes highly non-uniform (and converges to one of two Dirac delta measures. Therefore,
the Kullback–Leibler divergence blows up. Thus the ratio W1(νt ,µ)2/H(νt |µ) is small in
the extremes of t , and the “worst case” must occur at an intermediate tilt where transport
is noticeable but entropy has not yet exploded to ∞.

Now we’ll move on to the arguably more common T2 transport inequality. In this case
it is possible to verify directly a very useful result which we’ll state after providing the
definition of the T2 inequality.

Definition 3.2.3 (T2 Inequality: T2(C ) : W2(ν,µ) ≤√
2C H(ν |µ)). [18] Define

P2(X ) :=
{
ν ∈P (X ) :

∫
d(x0, x)2 dν(x) <∞ for some x0 ∈ X

}
.

For µ ∈P2(X ), we say that µ satisfies the transport inequality T2(C ) with constant C > 0
if for every ν ∈P2(X ),

W2(ν,µ) ≤√
2C DK L(ν |µ),

where W2 denotes the 2-Wasserstein distance.

It turns out that Gaussian measures satisfy this inequality. This fact is crucial to the study
of these inequalities and will come up over and over again in the following sections. This
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was a major result proved by Talagrand in 1996 [37]. A very nice presentation of this proof
is given in [18], and for the most part, the subsequent proof follows [18].

Proposition 3.2.4 (Gaussian Measures on R satisfy T2). The Gaussian measure γ corre-
sponding to a standard normal distribution on R satisfies the following T2 inequality with
C = 1 for all ν ∈P (R):

W 2
2 (ν,γ) ≤ 2H(ν|γ)

Proof. The key idea of this proof is to take advantage of the similarity in form between
the standard normal density, which gives rise to a nice relative entropy formula, and the
quadratic cost function used in the OT computation of the Wasserstein-2 distance.

We’ll begin by rewriting the normal density in potential form to emphasize this quadratic
form.

dµ(x) = e−V (x)d x

where V (x) = x2

2 + log(2π)
2 .

Let ν be any probability measure on Rwith finite second moment. Now, recall the Mono-
tone Rearrangement Theorem 2.3.8. This handy theorem tells us what the optimal map
T on R under any convex, continuous cost function, including this one, c(x, y) = |x − y |2.
In this case, by Theorem 2.3.8 the optimal transport plan is deterministic, given by
T (x) = F−1

ν (Fµ(x)) where F−1
ν (·) is the quantile function of ν and Fµ is the CDF of µ. We

can write this more explicitly as T (x) = F−1
ν (Φ(x)) whereΦ is the normal CDF.

Now, we’d like to compute the entropy and show that it upper bounds the Wasserstein-2
distance.

In the case where ν is not absolutely continuous with respect to µ, we’re done since that
means that H(ν|µ) is infinite which is trivially an upper bound on W 2

2 (ν,µ). Therefore, we
can assume without loss of generality that ν≪µ and that the Radon-Nikodym derivative
is well defined.

To do this, first write out the definition of the entropy in terms of f = dν
dµ the Radon

Nikodym derivative.

H(ν|µ) =
∫

log( f )dν=
∫

log( f (T (x))dµ

where the last equality follows from the fact that ν is the push-forward of µ by T , ie
ν= T#µ where T is the map given by the Monotone Rearrangement Theorem.
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Now, it remains to find what exactly f (T (x)) is in terms of our density. We can find this
by noticing that T (x) is monotone increasing and therefore differentiable almost every-
where.

Notice that T (x) is monotone increasing in x by construction, since Φ(x) is a CDF and
therefore increasing in x and the quantile function is similarly increasing in its argument,
by its definition. In particular, for any x1 ≤ x2, we know Φ(x1) ≤ Φ(x2) so it suffices to
check that for any p1 ≤ p2, we have F−1

ν (p1) ≤ F−1
ν (p2).

To see this, recall that F−1
ν (p) := inf{x ∈ R : Fν(x) ≥ p}, so for any p1 ≤ p2, we must have

{y : Fν(y) ≥ p2} ⊆ {y : Fν(y) ≥ p1}, which implies exactly that F−1
ν is monotone increasing.

Now, we’ll observe that the map T is almost everywhere differentiable by recalling that
a monotone map on R is almost everywhere Lebesgue differentiable (for a proof of this
fact see [38]).

Now, note that we can re-write our MRT coupling to solve for this quantity. Recall T (x) =
F−1
ν (Fµ(x)) ⇐⇒ Fν(T (x)) = Fµ(x). Then, using the definition of the CDF, we find∫ T (x)

−∞
f (z)e−V (z)d z =

∫ x

−∞
e−V (z)d z

Now, we can differentiate both sides with respect to x. Clearly

d

d x
(
∫ x

−∞
e−V (z)d z) = e−V (x)

and by the chain rule, we find exactly

d

d x
(
∫ T (x)

−∞
f (z)e−V (z)d x) = T ′(x) f (T (x))e−V (T (x)).

Therefore, we have

e−V (x) = T ′(x) f (T (x))e−V (T (x)) =⇒ f (T (x)) = e−V (x)

T ′(x)e−V (T (x))
= 1

T ′(x)
e−V (x)+V (T (x))

Now, we can compute our entropy by substituting in this value

H(ν|µ) =
∫
R

log( f (T (x)))dµ=
∫
R

(−V (x)+V (T (x))− log(T ′(x)))e−V (x)d x

Now, this is beginning to look promising, because the quadratic form of V (x) makes
the −V (x) + V (T (x)) look promising if we’re hoping to extract a squared difference
term from our integral to make it match the Wasserstein-2 distance. The problem is
precisely to remove the − log(T ′(x)) term and at the same time use it to argue that
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H(ν|µ) =W 2
2 (ν,µ)+positive constant. There are three clever algebraic tricks which will

allow us to do just that.

First, we’ll add zero! Notice that− log(T ′(x)) = T ′(x)−1−log(T ′(x))−(T ′(x)−1). Therefore,
we have:

H(ν|µ) =
∫
R

(−V (x)+V (T (x))+T ′(x)−1− log(T ′(x))− (T ′(x)−1)e−V (x)d x

Now, we can split the integral:

H(ν|µ) =
∫
R

(−V (x)+V (T (x))− (T ′(x)−1))e−V (x)d x︸ ︷︷ ︸
I1

+
∫
R

(T ′(x)−1− log(T ′(x)))e−V (x)d x︸ ︷︷ ︸
I2

Considering I2 we note that the integrand is positive over the entire domain of integration
R, by recalling that for any a ≥ 0, we know that a −1− log(a) ≥ 0. This applies since we
know that T ′(x) ≥ 0 almost everywhere. Similarly, e−x is always positive. Therefore, we
know that this integral I2 > 0.

Now, turning to integral I1, we want to interpret T ′(x)−1 as the result of integration by
parts in order to convert −V (x)+V (T (x))+T ′(x)−1 into something that looks like the
c(x, y) = |x −T (x)|2 = |x2 −2T (x)+T (x)2|.

In particular, consider ∫
R

(T ′(x)−1)e−V (x)d x

as the remaining term in integration by parts. Suppose instead of the current problem,
we were interested in solving ∫

R
(T (x)− x)V ′(x)e−V (x)d x

Now, let’s integrate this by parts. Let f = (T (x)− x) and g ′ = V ′(x)e−V (x). Then, we find
that ∫

R
(T (x)−x)V ′(x)e−V (x) d x =−[(T (x)−x)e−V (x)]∞−∞+

∫
R

(T ′(x)−1)e−V (x) d x

=
∫
R

(T ′(x)−1)e−V (x) d x

Where the first term vanishes at the boundary.

Now, we notice that∫
R

(−V (x)+V (T (x))+T ′(x)−1)e−V (x)d x︸ ︷︷ ︸
I1

=
∫
R

(−V (x)+V (T (x)))e−V (x)d x
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+
∫
R

(T (x)−x)V ′(x)e−V (x)d x

Then substituting our integration by parts result, we find∫
R

(−V (x)+V (T (x))+T ′(x)−1)e−V (x)d x︸ ︷︷ ︸
I1

=
∫
R

(−V (x)+V (T (x)))e−V (x)d x

+
∫
R

(T (x)−x)V ′(x)e−V (x)d x

Factoring our integrals, we find∫
R

(−V (x)+V (T (x))+T ′(x)−1)e−V (x)d x︸ ︷︷ ︸
I1

=
∫
R

(−V (x)+V (T (x))−V ′(x)(T (x)−x))e−V (x)d x

Then, we have

H(ν|µ) =
∫
R

(−V (x)+V (T (x))−V ′(x)(T (x)−x))e−V (x)d x︸ ︷︷ ︸
I1

+
∫
R

(T ′(x)−1− log(T ′(x)))e−V (x)d x︸ ︷︷ ︸
I2

.

We know that I2 is non-negative, so we have that

H(ν|µ) ≥
∫
R

(−V (x)+V (T (x))−V ′(x)(T (x)−x))e−V (x)d x

Now we’ll finally leverage the form of V (x). It is really the connection between the
quadratic form of the cost and the quadratic form of the Gaussian potential that makes
this proof work. Notice that

−V (x)+V (T (x))−V ′(x)(T (x)−x) =−(
x2

2
+ log(2π)

2
)+ T (x)2

2
+ log(2π)

2
−x(T (x)−x).

T (x)2 −xT (x)+ x2

2
= (T (x)− x)2

2
Therefore, we can finally conclude

H(ν|µ) ≥
∫
R

(T (x)− x)2

2
e−V (x)d x = W 2

2 (ν,γ)

2
.

Therefore, we’ve proved that for every ν ∈P (R), W 2
2 (ν,γ) ≤ 2H(ν|γ) as desired.

Intuitively, what this property means is that you can’t ‘move’ a Gaussian density very far
in W2 distance without having to re-weight its density by quite a lot (ie having a very
large KL-Divergence). The magic of the Gaussian case is that almost every portion of this
inequality is computable and available in a nice closed form.
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Example 13. A natural question after going to all this trouble to prove this inequality is
whether we can do better with the constant. In particular we have proved this for C = 1,
but is it possible to make C smaller? No, as it turns out. To see why, consider a very simple
ν=N (m,1), a translation of the normal distribution γ=N (0,1).

We’ll first compute the entropy of H(ν|γ). To do this, recall Example 5, where we found
that

DK L(p||q) = log(
σq

σp
)+

σ2
p + (µp −µq )2

2σ2
q

− 1

2

Therefore,

H(ν|γ) = log(1)+ 1+m2

2
− 1

2
= m2

2

Again, applying the Monotone Rearrangement Theorem 2.3.8, we find that the optimal
coupling between ν and γ is given by T (x) = F−1

ν (Φ(x)). Here, since ν∼N (m,1), the CDF
of ν is given by Fν(x) =Φ(x −m) =⇒ F−1

ν (p) = m +Φ−1(p), so the composition

T (x) = F−1
ν (Φ(x)) = x +m

Thus, the Wasserstein-2 Distance is given by

W2(ν,γ) =
(∫
R

(x −T (x))2dγ(x)

)1/2

=
(∫
R

(x − (x +m))2dγ(x)

)1/2

=
(
m2

∫
R

dγ(x)

)1/2

= |m|

Therefore, we have exact equality, that is W 2
2 (ν,γ) = m2 = m2 = 2H(ν|γ), so the inequality

is tight for Normal translations and C = 1, so we can do no better than in Proposition
3.2.4

Another very natural question is how do the T1 and T2 inequalities relate. In particular if
we know that γ∼ N (0,1) satisfies T2(1), we might wonder if it also satisfies T1(2)? As it
turns out, it does. To see this, we’ll prove a general fact: namely that as p increases, the
‘strength’ of the transport-entropy inequality increases.

Theorem 3.2.5 (For p ≥ q , Tp (C ) =⇒ Tq (C )). Let Tp (C ) be the inequality defined above,
namely that for (X ,d) a metric space and a µ a measure with finite p th moment, there
exists C > 0 such that for all measures ν on X with finite p th moment, we have Wp (µ,ν) ≤√

2C H(ν|µ). Then for p ≥ q, we have Tp (C ) =⇒ Tq (C ).

To prove this, we need a convenient way to compare p−norms and q−norms of functions.

Lemma 3.2.6 (Hölder’s Inequality). [31] For some metric space (X ,d) and r, s ∈ [1,∞]
such that 1

s + 1
r = 1. Then, for any measurable functions g ,h on X , we have

||g h||1 ≤ ||g ||r ||h||s
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Now, we’ll prove Theorem 3.2.5.

Proof. First, note that by Hölder’s Inequality (see Lemma 3.2.6), we have that(∫
X

d(x, y)q dπ(x, y)

) 1
q ≤

(∫
X

d(x, y)p dπ(x, y)

) 1
p

We can see this by applying Lemma 3.2.6 with g = 1, f (x) = d(x, y)q , r = p
q and s = p

p−q .

This gives exactly∫
X×X

d(x, y)q dπ=
∫
X×X

d(x, y)q ·1dπ(x, y) ≤
(∫

X×X
d(x, y)p dπ(x, y)

)q/p

Then, raising both sides to the power of 1
q gives the desired result.

Therefore, we can take the infimum over all couplings of µ,ν. This preserves the inequal-
ity, yielding

Wq (µ,ν) = inf
π∈Π(µ,ν)

(∫
X×X

d(x, y)q dπ(x, y)

) 1
q ≤ inf

π∈Π(µ,ν)

(∫
X×X

d(x, y)p dπ(x, y)

) 1
p =Wp (µ,ν)

Therefore, if we have p ≥ q , we have Wp (µ,ν) ≥ Wq (µ,ν). Thus if µ satisfies a transport-
entropy inequality Tp (C ) with constant C , we know that Wq (µ,ν) ≤Wp (µ,ν) ≤√

C DK L(ν|µ).

This leads to a nice corollary of the T2 result.

Corollary 3.2.7. If γ∼N (0,1) then γ satisfies a T1(1) inequality.

Proof. This follows directly from Theorem 3.2.5.

A natural response to this very nice result would be to try to prove the Tp (C ) inequality
for some measure µ for some p as large as possible and simply use the Theorem 3.2.5 to
derive all of the smaller p examples. This would lead quite naturally to considering the
case T∞(C ) where we take the limit as p →∞ of the Wasserstein-p distance. This turns
out not to be a fruitful approach for some very interesting reasons. To learn a little more
about transport-entropy inequalities, we’ll spend a little time on this non-example.
Before we do anything else, however, we need to define the W∞ distance. Following [2],
we define the ‘worst case’ transport cost as follows.

Definition 3.2.8. For a given transport plan π ∈Π(µ,ν) we define the T∞ cost (which is
intuitively the furthest mass has to move according to this transport plan) as

T∞(π) := esssupx,y∈X×X :πx,y>0 |x − y |
where esssup denotes the essential supremum
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Then we can interpret the Wasserstein-infinity distance as the mini-max cost.

Definition 3.2.9.

W∞(µ,ν) = inf
π∈Π(µ,ν)

T∞(π) = inf
π∈Π(µ,ν)

esssup(x,y)∼π |x − y |

It is not immediate from this definition that this is the limit as p →∞ of the Wasserstein-p
distance we had above. We verify this fact briefly, though it is given as an exercise in [33].

Lemma 3.2.10. Let µ and ν be compactly supported measures on X .

W∞(µ,ν) = lim
p→∞Wp (µ,ν)

Proof. We’ll prove equality in the usual way, first by showing

lim
p→∞Wp (µ,ν) ≤W∞(µ,ν)

and then by showing
lim

p→∞Wp (µ,ν) ≥W∞(µ,ν).

First, note that the map p 7→ Wp (µ,ν) is non-decreasing by Theorem 3.2.5, so we know
that L := limp→∞Wp (µ,ν) ∈ [0,∞] and exists.

Let π∗ ∈Π(µ,ν) be optimal for the essential supremum loss, that is let π∗ be the coupling
that yields the smallest essential supremum and thus is used in the the W∞(µ,ν) distance.
Then, note Wp (µ,ν) ≤ (

∫
X |x − y |p dπ∗)1/p since π∗ is not necessarily optimal for the cost

|x − y |p .

Then, taking the limit of both sides as p →∞ (which is permitted and well defined in both
cases since, first π∗ is a probability measure, and second c(x, y) = |x − y |p is bounded,
since we assume µ and ν to be compactly supported), we have that the inequality is
preserved in the limit:

lim
p→∞Wp (µ,ν) ≤ lim

p→∞(
∫
X
|x − y |p dπ∗)1/p =W∞(µ,ν)

Now, we’ll show the other direction, which takes a bit more work limp→∞Wp (µ,ν) ≥
W∞(µ,ν).

The key idea here is to use the fact that by construction, we know that W∞ ≤ esssupπ |x −
y |. Notice that since this is the case, if we can show that esssupπ |x−y | ≤ limp→∞Wp (µ,ν) :=
L, then we’re done.

To see why esssupπ |x − y | ≤ limp→∞Wp (µ,ν) := L, recall the definition of the essential
supremum. Notice that

esssupπ |x − y | ≤ L ⇐⇒ ∀ϵ> 0, π(|x − y | > L+ϵ) = 0
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Thus, we should consider sets of the form

Gϵ := {(x, y) : |x − y | > L+ϵ}

and try to show that as n gets large the probability of the event Gϵ occurring gets small.

In particular, let pn be a sequence such that limn→∞ pn →∞, and for each n, letπn be the
optimal coupling for the cost function |x − y |pn which gives rise to the Wpn (µ,ν) distance.
Then, since the πn are compactly supported (which follows since µ and ν are compactly
supported), we have that πn →π∗ ∈Π(µ,ν) up to a subsequence.

Now, fix ϵ> 0 and consider the set Gϵ := {(x, y) : |x − y | > L +ϵ}. Clearly on the set Gϵ, we
have

|x − y |pn ≥ (L+ϵ)pn

since we’re just exponentiating the criterion for being in Gϵ. Then, integrating both sides
over Gϵ, we find

(L+ϵ)pnπn(Gϵ) =
∫

Gϵ

(L+ϵ)pn dπn ≤
∫

Gϵ

|x − y |pn dπn

Now, we need some way to compare this to Wpn . Notice that since Wpn → L, we know
that for n sufficiently large, we have that

Wpn (µ,ν) ≤ L+ ϵ

2

This is exactly the inequality we need, because we can now compare this quantity to∫
Gϵ

|x−y |pn dπn . Notice that other than the domain of integration, (Wpn (µ,ν))pn = ∫
X |x−

y |pn dπn . Thus, since the function is non-negative on its entire domain we have

(L+ϵ)pnπn(Gϵ) =
∫

Gϵ

(L+ϵ)pn dπn ≤
∫

Gϵ

|x − y |pn dπn ≤
∫
X
|x − y |pn dπn ≤ (L+ ϵ

2
)pn

More simply, this gives

(L+ϵ)pnπn(Gϵ) ≤ (L+ ϵ

2
)pn =⇒ πn(Gϵ) ≤ (

L+ϵ/2

L+ϵ )pn

Then, since ϵ> 0, we have L+ϵ/2
L+ϵ < 1, so limn→∞( L+ϵ/2

L+ϵ )pn = 0. Therefore,

0 ≤ lim
n→∞πn(Gϵ) ≤ lim

n→∞(
L+ϵ/2

L+ϵ )pn = 0

Then, as desired we have for all ϵ> 0, thatπn(Gϵ) = 0. Now, we can apply the Portmanteau
theorem to extend this to a claim about π∗. Recall that the Portmanteau Theorem gives
equivalent definitions for convergence in distribution [6]. Here recall that it says (in part)
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that convergence in distribution is equivalent to the statement that for all measurable
open subsets U ,

π∗(U ) ≤ liminf
n→∞ πn(U )

Now, taking Gϵ to be our set (which is open because the map (x, y) 7→ |x−y | is continuous
and the preimage of an open set under a continuous function is open), we find that

π∗(Gϵ) ≤ liminf
n→∞ πn(U ) ≤ 0

which says directly that π∗(Gϵ) = 0, so, as described above, we know esssupπ |x − y | ≤
limp→∞Wp (µ,ν) := L, which says directly that limp→∞Wp (µ,ν) ≥W∞(µ,ν). Therefore,

W∞(µ,ν) = lim
p→∞Wp (µ,ν)

While this is certainly a nice and natural extension of the Wp (µ,ν) metric, it has some
problems which make it ill-suited to the transport-entropy inequality context.

For one, there is still no known analytic way to find W∞(µ,ν) where µ and ν are two ar-
bitrary measures on a Polish space [2]. This is because for p =∞ instead of minimizing
some integral quantity, you are minimizing an essential supremum, which is in general
non-convex in the couplings π ∈Π(µ,ν).

The other problem is that this distance penalty is incredibly strict. In effect, the W∞ dis-
tance gives the ‘minimax’ distance, because the cost function is the largest point-wise
distance between the initial configuration of dirt pilesx and the final arrangement y . It
is not natural that the K L divergence of ν with respect to γ would have to respect that
‘worst-case scenario’ transport cost, because K L Divergence is a global quantity, so ask-
ing it to upper bound a point-wise ’worst case’ distance is unnatural. It is perhaps for this
reason that the T∞ case is rarely studied in the transport-entropy literature.

To see this concretely, consider the following simple example.

Example 14. As usual for these examples, we’ll work on X =R and consider the standard
Gaussian measure γ. We’d like to compare the W∞ distance between γ=N (0,1) and the
family of measures νt = {N (0,σ2) : σ2 > 0}. We’ll also compare this to DK L(ν||γ) to see
exactly how strict an inequality of the form W∞(γ,ν) ≤ √

2C DK L(ν||γ) for the family νt

would be.

In this simple example in 1-D, we can compute the optimal Wasserstein distance between
γ and ν ∈ νt just by using the Monotone Rearrangement Theorem 2.3.8. In particular, we
have

W∞(ν,γ) = sup
t∈[0,1]

|F−1
ν (t )−F−1

γ (t )|
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Then, recalling that any measures ν ∈ νt = {N (0,σ2) :σ2 > 0} is just a scaled Gaussian, we
know its inverse CDF is of the form F−1

ν (t ) =σΦ−1(t ). Applying this fact, we know

W∞(ν,γ) = sup
t∈[0,1]

|σΦ−1(t )−Φ−1(t )| = |σ−1| sup
t∈[0,1]

Φ−1(t ) =
{
+∞ for σ ̸= 1

0 for σ= 1

Now, recall our computation of the K L Divergence between two Gaussian measures in
Example 5. Here, clearly we have

DK L(ν||γ) = 1

2
(σ2 −1− log(σ2)) <∞

Thus, in this case, it is clearly not possible to upper bound the infinite W∞(γ,ν) distance
by the finite K L-Divergence. Intuitively, this corresponds to the fact that in the worst-case,
when moving mass between two Gaussians with different variances, we have to move
some mass infinitely far, but if we are expecting to see a Gaussian with unit variance, we
are not that surprised to see a Gaussian with non-unit variance. This is the problem with
comparing ‘worst-case scenario’ point wise costs with global measurements.

3.3 T0 and Pinsker’s Inequality

The natural thing to consider now is whether the limit as p → 0 is more useful. In fact, it
is and gives rise to a very famous and useful inequality, called Pinsker’s Inequality, which
compares the total variation distance between two measures and the KL-Divergence be-
tween them. In order to interpret this as a transport-entropy inequality, we first need
to give an interpretation of TV distance as an optimal transport cost which is intimately
related to the limit as p → 0 of the Wasserstein-p distance.

In particular, we’ll show that Total Variation Distance is exactly ||µ−ν||T V = limp→0 Wp (µ,ν)p

distance. Before we do, however, we’ll define total variation distance, show that it is an
optimal transport cost, and then, finally, connect it to limp→0 Wp (µ,ν)p .

Definition 3.3.1 (Total Variation Distance). The total variation distance between two
probability measures µ and ν is given by

∥µ−ν∥TV := sup
A∈F

|µ(A)−ν(A)|.

Before we prove Pinsker’s inequality, we need two helpful lemmas which help us connect
total variation distance to entropy.

Lemma 3.3.2 (Integral Expression of TV Distance). For µ, ν two measures on a Polish
space X where ν≪µ, we have that

||ν−µ||T V = 1

2

∫
X
| f −1|dµ

where f = dν
dµ the Radon Nikodym derivative.
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Proof. To see this, begin with the ordinary definition of TV distance:

∥µ−ν∥TV = sup
A∈F

|µ(A)−ν(A)|

Now, consider the RHS.

|µ(A)−ν(A)| =
∫

A

dν

dµ
dµ−µ(A) =

∫
A

( f −1)dµ

Now, take the sup of both sides:

sup
A∈F

|ν(A)−µ(A)| = sup
A∈F

∫
A

( f −1)dµ

Now, notice that in order to maximize the RHS, we should pick A := {x : f (x) > 1}, that is
all the points where ν puts more mass than µ. The, we have

sup
A∈F

|ν(A)−µ(A)| = sup
A∈F

∫
{ f >1}

( f −1)+dµ

Then, notice that the positive part and the negative part have equal area, thus we have∫
{ f >1}∪{ f <1}

f −1dµ= 0 =⇒
∫

{ f >1}
( f −1)+dµ=

∫
{ f <1}

( f −1)−dµ

Therefore, we have

sup
A∈F

|ν(A)−µ(A)| = 1

2

∫
X
| f −1|dµ

Lemma 3.3.3 (Total Variation Distance is an Optimal Transport Cost). Let µ,ν be proba-
bility measures on the same measurable space (X ,F ). Then

∥µ−ν∥T V = min
π∈Π(µ,ν)

∫
X×X

1{x ̸=y} dπ(x, y).

Proof. This proof is given in [24] and has been lightly adapted to our notation.
We show the equality by proving matching upper and lower bounds. First, we show that

∥µ−ν∥T V ≤ inf
π∈Π(µ,ν)

∫
X×X

1{x ̸=y} dπ(x, y).

Let π ∈Π(µ,ν) be arbitrary, and let (X ,Y ) ∼π. Then∫
X×X

1{x ̸=y} dπ(x, y) = Eπ
[
1{X ̸=Y }

]=π(X ̸= Y ).

Now let A ∈F . Since π has marginals µ and ν,

µ(A)−ν(A) = Eπ[1A(X )−1A(Y )] .
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Moreover, on the event {X = Y } we have 1A(X )−1A(Y ) = 0, so

µ(A)−ν(A) = Eπ
[
(1A(X )−1A(Y ))1{X ̸=Y }

]
.

Hence
|µ(A)−ν(A)| = ∣∣Eπ[(1A(X )−1A(Y ))1{X ̸=Y }

]∣∣
≤ Eπ

[|1A(X )−1A(Y )|1{X ̸=Y }
]

≤ Eπ
[
1{X ̸=Y }

]
=π(X ̸= Y ).

Taking the supremum over A ∈F , we obtain

∥µ−ν∥T V ≤π(X ̸= Y ).

Since π ∈Π(µ,ν) was arbitrary, it follows that

∥µ−ν∥T V ≤ inf
π∈Π(µ,ν)

π(X ̸= Y ) = inf
π∈Π(µ,ν)

∫
X×X

1{x ̸=y} dπ(x, y).

Now, in the other direction, we want to show that ||µ−ν||T V ≥ ∫
X×X 1{x ̸=y} dπ(x, y) =

Eπ
[
1{X ̸=Y }

]=π(X ̸= Y ).

To see this we begin by decomposing ||µ−ν||T V analogously to Lemma 3.3.2. In particular,
we note that if µ and ν are dominated by a common measure λ (if we’re working on Rn

that would be the Lebesgue measure). Let g and h be the densities corresponding to µ
and ν respectively.

L = ||µ−ν||T V =
∫
X

(g −h)+dλ

=
∫
X

(min(g (x),h(x))+ (g −h)+dλ= 1−
∫
X

min(g (x),h(x))dλ(x)

The idea here is to decompose each density into a common part and an excess part
unique to µ or ν respectively. Then, we couple the common part of µ and ν along the
‘diagonal’ where x = y which costs nothing and then couple the un-matched mass, which
has total mass exactly L. In particular, we define the coupling

π(d x,d y) = Lπ1(d x,d y)+ (1−L)π2(d x,d y)

= L

(
(g −h)+(x)

L
λ(d x)

(h − g )+(y)

L
λ(d y)

)
+ (1−L)

(
min{g (x),h(x)}

1−L
λ(d x)δx(d y)

)
.

This is clearly a measure on X ×X since it is a convex combination of probability mea-
sures and L corresponds to the mass of the un-matched part, while 1−L corresponds to
the mass of the matched part. It is easy to verify that the marginals are µ and ν respec-
tively, so it is clearly a valid coupling.
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Now, we need to compute the optimal transport distance with the discrete cost I(x ̸= y).
We’ve already shown∫

X×X
1{x ̸=y} dπ(x, y) = Eπ

[
1{X ̸=Y }

]=π(X ̸= Y ) = Lπ1(X ̸= Y ) ≤ L

Since π2 has mass concentrated on the diagonal X = Y .

Therefore, we have exactly that

inf
π̃∈Π(µ,ν)

π̃(X ̸= Y ) ≤ L = ||µ−ν||T V

Combining this with the first bound, we get the desired equality

∥µ−ν∥T V = min
π∈Π(µ,ν)

∫
X×X

1{x ̸=y} dπ(x, y)

Now, we have all the materials to relate this metric to limp→0 Wp (µ,ν)p . Crucially, here,
we’re relating this to the transport cost, not the standard Wasserstein distance. This
lemma was suggested by a comment in [15].

Lemma 3.3.4. Let (X ,d) be a Polish space with metric d(x, y) = |x − y |. Then,

lim
p→0

Wp (µ,ν)p = lim
p→0

Tp (µ,ν) = lim
p→0

inf
π∈Π(µ,ν)

∫
X×X

d(x, y)p dπ(x, y) = ||µ−ν||T V

for µ,ν with at least finite first moments.

Proof. The proof of this lemma follows very closely the proof of Lemma 3.2.10. They are
both examples of standard technique.

Let pn be a non-negative sequence converging to 0 where 0 ≤ pn < 1.

First, we’ll show the upper bound. Recall by Lemma 3.3.3 that ||µ−ν||T V = infπ∈Π(ν,µ)π(X ̸=
Y ). Therefore, for any ϵ> 0, we can pick πϵ ∈Π(µ,ν) such that

πϵ(X ̸= Y ) ≤ ||µ−ν||T V +ϵ
Now, as mentioned in Section 6 of [15], we know that d(x, y)pn → I(X ̸= Y ) point wise.
Then, dominated convergence under the fixed coupling πϵ gives

limsup
n→∞

Tpn (µ,ν) ≤
∫
X×X

I(x ̸= y)dπϵ(x, y) ≤ ||µ−ν||T V +ϵ

Then, taking the limit as ϵ→ 0, we find

limsup
n→∞

Tpn (µ,ν) ≤ ||µ−ν||T V
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which gives the desired upper bound.

Now, we’ll show the lower bound. Choose a sequence of ‘almost-minimizing’ couplings
πn such that for each πn , we have∫

X
d(x, y)pn dπn(x, y) ≤ Tpn (µ,ν)+ 1

n

Now, notice that since X is a Polish space we have that a subsequenceπnk → infπ∈Π(µ,ν)K(π).

Next, we’ll fix some δ> 0. Notice that we have

d(x, y)pn ≥ δpn I(d(x, y) ≥ δ)

Then, integrating both sides, we have

∫
X×X

d(x, y)pn dπn(x, y) ≥
∫
X×X

δpn I(d(x, y) ≥ δ)dπn(x, y) = δpnπn(d(x, y) ≥ δ)

Now, consider the limit as pn → 0. Clearly limn→∞δpn = 1. We now want to apply the

Portmanteau Theorem 2.1.12. In this form, it says that weak convergence (ie πn
d→π) is

equivalent to the fact that for all measurable closed subsets C , limsupn→∞πn(C ) ≤π(C ).
Observe here that the set of interest is

{(x, y) : d(x, y) ≥ δ}

is the preimage of a closed set under a continuous function and so is itself closed. There-
fore we know that

liminf
n→∞

∫
X×X

d(x, y)pn dπn(x, y) ≥π({(x, y) : d(x, y) ≥ δ})

Then, taking the limit as δ→ 0, we have

liminf
n→∞

∫
X×X

d(x, y)pn dπn(x, y) ≥π({(x ̸= y})

since limδ→0{(x, y) : d(x, y) ≥ δ} = {(x, y) : x ̸= y}.

Now, notice that the mass π assigns to the so-called ‘diagonal’ part can’t exceed the mass
that is actually shared by the two marginals µ and ν. Therefore, we have exactly that

π({x = y}) ≤ 1−||µ−ν||T V =⇒ π({x ̸= y}) ≥ ||µ−ν||T V

Thus, we have that

liminf
n→∞

∫
X×X

d(x, y)pn dπn(x, y) ≥π({(x ̸= y}) ≥ ||µ−ν||T V

as desired. Thus we have the upper and lower bounds which completes the proof.
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A nice corollary of this result is that Pinsker’s Inequality can be seen (roughly speaking)
as T0 inequality, in the sense that

Wd0 (ν,µ)2 = ||µ−ν||2T V ≤ 1

2
H(ν|µ)

This T0 notation is not standard in the field, but is beginning to be more common among
papers like [4] which interprets T V , as we do, as a Wasserstein distance. More formally,
we would say Pinsker’s inequality is the discrete-metric analogue of a Talagrand transport
inequality.

Theorem 3.3.5 (Pinsker’s Inequality). The inequality

∥ν−µ∥2
TV ≤ 1

2
H(ν |µ),

or equivalently

∥ν−µ∥TV ≤
√

1

2
H(ν|µ)

holds for all probability measures µ on X .

Proof. Here, we’ll use the two lemmas above to prove Pinsker’s Inequality 3.3.5. This
proof is adapted from the version given in [18], which is in turn taken from Remark 22.12
and Theorem 22.10 in [41]. There are many nice proofs of this fact, which are summarized
in Section 1 of [10]. I’ve presented the one below because it is relatively self-contained,
but there is a very nice proof in [43] which makes use of the so-called “data-processing”
inequality.

The key idea of this proof is to use Lemma 3.3.2 to rewrite the LHS. Let f = dν
dµ be the

Radon-Nikodym derivative. In particular, we have

||µ−ν||T V = 1

2

∫
X
| f −1|dµ

Then, we can notice that the entropy term, which is the term we want to use to bound
this total-variation distance, has a similar algebraic form.

H(ν|µ) =
∫
X

f log( f )dµ

We’ll exploit this algebraic similarity to actually write the proof using Taylor expansion
and the Cauchy-Schwarz inequality.

Let’s begin first by supposing that H(ν|µ) <∞, since otherwise, this is trivially true. We’re
going to take the upper bound H(ν|µ) and try to algebraically extract the quantity ||µ−
ν||T V = 1

2

∫
X | f −1|dµ from it. We’ll begin to do this by u-substituting u = f −1. Therefore
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H(ν|µ) =
∫
X

f log( f )dµ=
∫

(1+u) log(1+u)−udµ=
∫
φ(u(x))dµ

Now, consider the function φ(t ) = (1+ t ) log(1+ t )− t . We’ll compute the derivatives

φ′(t ) = log(1+ t )

φ′′(t ) = 1

t +1
for t >−1

Now, we’ll use Taylor’s Theorem with remainder at x = 0 to algebraically relate this quan-
tity to

∫
X | f −1|dµ.

φ(t ) =φ(t )|t=0 +φ′(t )|t=0(0− t )+
∫ t

0
(t − x)φ′′(x)d x

Now, notice that φ(0) = (1+0)log(1+0)−0 = 0 and φ′(0) = log(1+0) = 0. Therefore, we
have

φ(t ) = (1+ t ) log(1+ t )− t =
∫ t

0
(t − x)φ′′(x)d x =

∫ t

0

t −x

1+x
d x

We need to do one more u-substitution before we’ll put this φ(t ) back into the entropy
expression H(ν|µ). Let s = x

t ⇐⇒ x = st where s ∈ [0,1]. Then, we have that

φ(t ) =
∫ 1

0

t − st

1+ st
td s = t 2

∫ 1

0

1− s

1+ st
d s

Now that we’ve made φ(t ) easier to relate algebraically, we’ll substitute back in. In partic-
ular, we have

H(ν|µ) =
∫
X
φ(u(x))dµ=

∫
X

∫
[0,1]

u(x)2 1− s

1+ su(x)
d sdµ(x)

Now, we’ll apply the Cauchy-Schwarz inequality (which is exactly Hölder’s Inequality
3.2.6 with p = q = 2). Recall that (with very informal notation) says that (

∫
g h)2 ≤ ∫

g 2 ·∫
h2. Now, we need to take a nice product form that is going to decompose into two

components, one of which, when squared is exactly u(x)2 1−s
1+su(x) . This motivates the

choice of our g and h.

g (x, s) = |u(x)|p1− sp
1+ su(x)

=⇒ g 2(x, s) = u(x)2(1− s)

1+ su(x)

h(x, s) =
√

(1− s)(1+ su(x))

Then,
g (x, s) ·h(x, s) = |u(x)|(1− s)

Now, we’ll apply the Cauchy-Schwarz inequality(∫
X

∫
[0,1]

|u(x)|(1− s)d s dµ(x)

)2

≤
(∫

X

∫
[0,1]

u2(x)(1− s)

1+ su(x)
d s dµ(x)

)
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·
(∫

X

∫
[0,1]

(1− s)(1+ su(x))d s dµ(x)

)
.

Then, note that this first term is exactly(∫
X

∫
[0,1]

u2(x)(1− s)

1+ su(x)
d sdµ(x)

)
=

∫
X

f log f dµ= H(ν|µ)

by the above.

Now, observe that ∫
X

∫ 1

0
(1− s)(1+ s u(x))d s dµ(x)

=
∫
X

(∫ 1

0
(1− s)d s +u(x)

∫ 1

0
s(1− s)d s

)
dµ(x)

=
∫
X

(
1

2
+ 1

6
u(x)

)
dµ(x)

= 1

2
.

Therefore, we have that(∫
X

∫
[0,1]

|u(x)|(1− s)d sdµ(x)

)2

≤ 1

2
H(ν|µ)

Now, it remains to relate the LHS to the total variation distance. Note that substituting
back u(x) = f (x)−1, we find(∫

X

∫ 1

0
|u(x)|(1− s)d s dµ(x)

)2

=
(∫

X

∫ 1

0
| f (x)−1|(1− s)d s dµ(x)

)2

=
(∫

X
| f (x)−1|

(∫ 1

0
(1− s)d s

)
dµ(x)

)2

=
(

1

2

∫
X
| f (x)−1|dµ(x)

)2

by Lemma 3.3.2

= ||µ−ν||2T V

Thus we have exactly as desired that

||µ−ν||2T V ≤ 1

2
H(ν|µ)
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There is another very nice, but less well known inequality of this flavor which is intro-
duced in [8] and described very well in [10]. This inequality improves on Pinsker’s In-
equality 3.3.5 in the sense that the total variation distance is bounded above by 1, by
constriction, ie for any two measures µ and ν we must have that

||µ−ν||T V ≤ 1 =⇒ ||µ−ν||2T V ≤ 1.

However, as we’ve seen often with KL-divergence 2.2.4, it is unbounded. In particular,
for any H(µ|ν) > 1, Pinsker’s Inequality 3.3.5 is vacuously true. This suggests we can do
better, but, as it turns out, not simply by changing the constant in Theorem 3.3.5.
Instead, we need to venture beyond the extended Tp (C ) inequality universe, and employ
a more general transport-entropy inequality of the more general form described in Defi-
nition 3.3.5.

This theorem is originally stated in [8], Lemma 2.1, but I found it in [10] and follow that
presentation.

Theorem 3.3.6 (Bretagnolle-Huber Inequality). Let X be a Polish space and µ,ν two mea-
sures on X . Then

||µ−ν||T V ≤
√

1−e−H(ν|µ)

Remark 11 (BH Bound is a transport-entropy Inequality). Note that we can rewrite Theo-
rem 3.3.6 as a transport-entropy inequality in the form of Definition 3.1.1. In particular,
after a bit of algebra,it is clear that

||µ−ν||T V ≤
√

1−e−H(ν|µ) ⇐⇒ − log(1−||µ−ν||2T V ) ≤ H(ν|µ)

which is clearly of the form
α(Tc (ν,µ)) ≤ H(ν|µ)

where we take α(t ) :=− log(1− t 2), which verifies α(0) = 0, c(x, y) = I(x ̸= y) as discussed
in Lemma 3.3.3, and C = 1.

It just remains to prove this statement.

Proof. As with Pinsker’s Inequality, there are many ways to prove this statement, but I
think that the proof given in [10] which adapts a proof given of Lemma 2.6 in [40]. This
proof mirrors the style of our proof of Theorem 3.3.5, which uses a nice expression of the
T V distance and applies Cauchy-Schwarz to reach the desired conclusion.

We begin by noting that for two measures µ, ν, with corresponding densities g and h,
that are dominated by a common measure λ we have (as demonstrated in the proof of
Lemma 3.3.3)

||µ−ν||T V = 1−
∫

min(g (x),h(x))dλ(x) =
∫

max(g (x),h(x))dλ(x)−1
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Then we can nicely express

∥µ−ν∥2
TV

= 1− (1+∥µ−ν∥TV)(1−∥µ−ν∥TV)

= 1−
(∫

X
min(g (x),h(x))dλ(x)

)(∫
X

max(g (x),h(x))dλ(x)

)
.

If we can bound
(∫

X min(g (x),h(x))dλ(x)
) · (∫X max(g (x),h(x))dλ(x)

)
above by e−H(ν|µ)

then we’re done.
To do this, recall the informal statement the Cauchy Schwarz inequality: (

∫
v w)2 ≤ ∫

v2 ·∫
w 2. If we take

w =
√

max(g (x),h(x))

and

v =
√

min(g (x),h(x)) =⇒ v ·w =
√

max(g (x),h(x)) ·min(g (x),h(x))

We have(∫
X

√
max(g (x),h(x)) min(g (x),h(x))dλ(x)

)2

≤
∫
X

max(g (x),h(x))dλ(x)

·
∫
X

min(g (x),h(x))dλ(x).

Crucially, we can recognize that
√

max(g (x),h(x)) ·min(g (x),h(x)) = √
g (x)h(x) since

multiplication is commutative. Therefore, we have(∫
X

√
g (x)h(x) dλ(x)

)2

≤
∫
X

max(g (x),h(x))dλ(x) ·
∫
X

min(g (x),h(x))dλ(x)

Now we can cleverly upper bound
(∫

X

√
g (x)h(x) dλ(x)

)2
to finish the proof. We begin

by rewriting the expression as an exponential, since in the end we want to bound the
quantity by e−H(ν|µ). (∫

X

√
g (x)h(x)dλ(x)

)2

= e
2logEλ

[p
h(x)g (x)

]

= e
log

(
Eµ

[√
h(x)
g (x)

])2

by Jensen’s Inequality

≥ e
Eµ log

[
h(x)
g (x)

]
= e−H(ν|µ)

Therefore, we have that(∫
X

min(g (x),h(x))dλ(x)

)(∫
X

max(g (x),h(x))dλ(x)

)
≥ e−H(ν|µ)
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Thus, as desired, we have

∥µ−ν∥2
TV

≤ 1−e−H(ν|µ) =⇒ ∥µ−ν∥TV ≤
√

1−e−H(ν|µ)

Note that this bound is never vacuous, since

lim
H(ν|µ)→∞

√
1−e−H(ν|µ) = 1

3.4 Concentration Inequalities and Marton’s Argument

For readers familiar with probability theory, the previous sections may seem to be missing
something crucial. In particular, the intuition for transport-entropy inequalities (namely
that the optimal way to rearrange mass from one configuration µ to another ν should
be related to how surprised we are to observe ν if we expected µ seems to be demand a
connection to concentration inequalities.

3.4.1 Concentration Inequalities

Definition 3.4.1 (Concentration Inequality [18]). Let X be a Polish space and d some
metric on X . Further, let β : [0,∞) →R+ be a ‘profile’ such that limr→∞β(r ) = 0. We say
that a measure µ verifies a concentration equality with profile β if

µ({x ∈X : d(x, A) ≤ r }) ≥ 1−β(r ) for r ≥ 0

for all measurable A ⊆X such that µ(A) ≥ 1
2

Theorem 3.4.2 (Marton’s Argument). Consider a transport-entropy inequality for measure
µ on some measure space X of the form

Td (µ,ν) ≤α−1(H(ν|µ)) for all ν ∈P (X )

where α : R≥0 → R≥0 is a bijection such that α(0) = 0. In particular Td (µ,ν) is the total
optimal transport cost for moving µ to νwhere the cost function d(x, y) is a metric d on X .
Then, for all measurable subsets A ⊆ X such that µ(A) ≥ 1

2 , the following concentration
inequality holds

µ(Ar ) ≥ 1−e−α(r−α−1(log(2)))

where r ≥α−1 log(2) and Ar := {x ∈X : d(x, A) ≤ r }.
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Proof of Marton’s Argument . We’ll prove this statement by considering two measures,
one which corresponds to the mass in A and one which corresponds to the mass not
contained in the ball Ar . The idea is to apply the fact that d is a metric and therefore has
obeys the triangle inequality. This behavior allows us to bound the mass not contained
in Ar .

Formally, fix some arbitrary measurable set A ⊂X which has at least half the total mass
(ie. µ(A) ≥ 1

2 ). Consider the complement of the enlargement of A defined as B := (Ar )c =
X \ Ar . Define the following two measures

dµA(x) = 1

µ(A)
I(x ∈ A)dµ(x)

dµB (x) = 1

µ(B)
I(x ∈ B)dµ(x)

Now notice for any coupling π of µA and µB we have∫
d(x, y)dπ(x, y) ≥ r

since if x ∈ A and y ∈ B , d(x, y) ≥ d(y, A) ≥ r . Therefore, the optimal coupling must have
cost at least r if for every possible coupling the cost is at least r .

Td (µA,µB ) = inf
π∈Π(µA ,µB )

(∫
X

d(x, y)dπ(x, y)

)
≥ r

Then, we’ll first take advantage of the fact that d is a metric. Thus, by the triangle in-
equality we know for any set of three points (x, y, z) ∈ X 3 we have d(x, y) ≤ d(x, z)+
d(z, y). Then consider the measure γ on X 3 which has (x, z)-marginal π1 ∈Π(µA,µ) and
(z, y)−marginalπ2 ∈Π(µ,µB ). We know such a measure exists by the gluing lemma. Then,
we integrate both sides of the point-wise triangle inequality, which gives∫

d(x, y)dγ≤
∫

d(x, z)dγ+
∫

d(z, y)dγ

Then, using the marginals, we get∫
d(x, y)d π̃(x, y) ≤

∫
d(x, z)dπ1 +

∫
d(z, y)dπ2

where π̃ is a coupling of µA and µB . Then taking the infimum over all such π1 and π2 we
have

Td (µA,µB ) ≤Td (µA,µ)+Td (µ,µB )

Putting it all together, we have

r ≤Td (µA,µB ) ≤Td (µA,µ)+Td (µ,µB ) ≤α−1(H(µA|µ))+α−1(H(µB |µ))
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where the final inequality follows by the assumption that µ satisfies a transport-entropy
inequality with constant C and so, taking ν=µA in the first case and ν=µB in the second
gives the above.
Then, finally, we’ll use the definition of relative entropy given in Definition 2.2.4. In
particular

H(µA|µ) =
∫

log

(
dµA

dµ

)
dµA =

∫
A

log

(
1

µ(A)

)
dµA = log

(
1

µ(A)

)
µA(A) = log

(
1

µ(A)

)
Then, by hypothesis since µ(A) ≥ 1

2 , therefore

H(µA|µ) =− log(µ(A)) ≤ log(2)

An identical computation applies to µ(B). Therefore

H(µB |µ) =− log(µ(B)) =− log(1−µ(Ar ))

Therefore
r ≤α−1(log(2))+α−1(− log(1−µ(Ar )))

Applying α to both sides, multiplying by −1 and exponentiating gives

e−α(r ) ≥ e log(2)+log(1−µ(Ar ))

Then, re-arranging, we get the desired concentration inequality

µ(Ar ) ≥ 1−e−α(r−α−1(log(2)))
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Chapter 4

Log-Sobolev Inequalities and
Transport-Entropy Inequalities

4.1 Motivation

As we’ve shown in Chapter 3, Transport-Entropy inequalities are an incredibly useful tool
for understanding how distributions compare. However, we’ve also seen that these in-
equalities are difficult to prove, especially in high-dimensional settings. In Chapter 3, We
explored one potential (but unsuccessful) way to prove a large class of transport-entropy
inequalities: namely, observing in Theorem 3.2.5 that for p ≥ q,Tp (C ) =⇒ Tq (C ) and
trying to prove a transport-entropy inequality for the limit p →∞. This, as we’ve demon-
strated, does not work. It is far too strict in the point-wise sense to be useful. However
there is something to learn from this failure.

In particular, we do want to use a stronger, more local statement to control global devia-
tions, and we want this stricter condition to imply the transport-entropy inequalities of
interest. As it turns out, the correct tool in this setting is a log-Sobolev inequality.
This chapter will first introduce the tools and structures needed to define a log-Sobolev
inequality precisely, namely Markov Processes and Dirichlet Forms. Then, in Section 4.2,
we offer three examples of measures which satisfy log-Sobolev inequalities. Finally, in
Section 4.3, we introduce and sketch a proof of the Otto-Villani theorem, which shows
how Log-Sobolev inequalities can be used to derive a certain class of transport-entropy
inequalities.

4.1.1 Log-Sobolev Inequalities

Definition 4.1.1 (General Log-Sobolev Inequality [18]). We say that a probability measure
µ on X satisfies a log Sobolev inequality for a constant C > 0 if

H( f µ|µ) ≤ 2C I ( f µ|µ)
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for all sufficiently smooth, non-negative functions f : X →R+ such that
∫

f dµ= 1.

Remark 12 (Note on Constant Conventions). Some authors use C̃ = 2C as their constant.
For the rest of this chapter I’ll use the 2C convention because it means that Gaussian
measures satisfy a LS(1) inequality, which is simple to remember and it is consistent
with the convention to preserve the 2 in our Transport-Entropy inequalities in Chapter 3.
Similarly, some authors prefer a different normalization convention for I ( f µ|µ) which
we will discuss in greater detail in Section 4.1.3.

Intuitively what this inequality says is that the relative entropy of ν with respect to µ is
bounded above by the some function of the local-roughness of ν. This should make some
sense: a density should not be able to distribute mass in a very non-uniform way without
having local roughness.

This differs from transport-entropy inequalities in a few key ways. The first and most obvi-
ous is that in Tp (C ) inequalities (recall Definition 3.1.1), we upper bound the Wasserstein
distance with the entropy, rather than upper bounding the entropy by some function of
the local roughness of the density. Second, and more subtly, as we’ve discussed, Tp in-
equalities compare two measures by studying two different notions of global difference,
while here we’re comparing a global quantity (relative entropy) to a local one (informa-
tion).

The natural question, then, is why such a local statement should imply a global transport-
entropy inequality. The heuristic answer is dynamical. In particular, as you learn in
calculus, the way to go from local statements to global ones is to integrate. We can think
(heuristically) of the time-dependent process which causes some measure ν (such that
ν≪µ) to evolve over time with limiting distribution µ. This produces a path (νt )t≥0 from
ν to equilibrium µ. Along this flow, the information governs the instantaneous decay of
entropy:

− d

d t
H(νt |µ) = I (νt |µ)

A Log-Sobolev inequality says that H(νt |µ) ≤C I (νt |µ), which means exactly that when-
ever entropy is large, the rate of change is large. This suggests that there is a strong push
to be close to the stationary distribution µ. If we imagine integrating both sides, we can
think of the stochastic process as describing a ‘path’ in Wasserstein space. In particular,
the total transport cost fromν toµ can be bounded by integrating this local quantity along
the flow. Since log-Sobolev controls entropy by information, it forces the flow to reach
equilibrium efficiently enough that the total transport cost displacement is bounded by
the initial entropy.

This is a rough sketch of the intuition which we will formalize in the following chapter.
The first step is to clarify the new ideas and terms we’ve introduced in Definition 4.1.1.
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In order to make the above heuristics formal, there are quite a few new constructions in-
volved in this definition which we’ll define carefully before moving on to the application
of these inequalities.

First, we need to account for the fact that our heuristic description introduced a stochastic
process which evolves over time, while in the definition, we only consider a fixed measure
µ and a set of functions. This is because embedded in the definition of a Log-Sobolev
inequality is an implied stochastic process, which we use to define I . In particular, we
need to formalize the class of stochastic processes that we will work with and explain a
few of their relevant properties.

4.1.2 Markov Processes

This section is intended to introduce readers familiar with the basic theory of Markov
chains to a somewhat more abstract view of these processes through the lens of semi-
groups and generators.

Since we are working with a process which sends ν→µ, we need to formalize and clarify
the properties of such a process. One desirable property is that the future of νt should
only depend on its present state, rather than the entirety of the past.

Definition 4.1.2 (Markov Process). A stochastic process {X t }t≥0 is called a Markov Process
if for every n and t1 < t2 < ·· · < tn , we have that

X tn |X tn−1 , ..., X t1

d= X tn |X tn−1 .

Similarly, we require that this process has µ as an equilibrium (also called stationary)
distribution and this Markov process is µ−reversible.

Definition 4.1.3 (Stationary Distribution). [13] A measure µ on X is said to be a station-
ary measure if

µ(A) =
∫
X

Pt (x, A)µ(d x) for every measurable A ⊆X .

Equivalently, and more intuitively, if X0 ∼µ then for all t ≥ 0, X t ∼µ.

Though it may be more familiar to describe a Markov process by its transition kernel
(or, in discrete time, its transition matrix), a more general formulation is in terms of
semi-groups and generators. For an algebraist, a semi-group is just a set with a binary
associative operation, but in the context of Markov processes, it means something a bit
more specific. First, we consider the set over which we operate. The elements of the set
are so-called Markov operators.
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Definition 4.1.4 (Markov Operator [3]). Consider a space (X ,F ) and a set of real, mea-
surable functions W = { f : (X ,F ) → (R,B(R))}. Then, an linear operator P on W (i.e. an
operator P such that P (a f + f̃ ) = aP ( f )+P ( f̃ )). Then, we say that P on W is a Markov
operator if for all f ∈ W such that f is bounded and measurable, P ( f ) is also bounded
and measurable. We also require P (1) = 1 where 1 is the constant function x 7→ 1. Then,
finally we require that for all f ≥ 0, we have P ( f ) ≥ 0.

Now, as introduced in [3], consider the family of Markov operators indexed by t ≥ 0:
P = {Pt }t≥0 which describe the family of distributions of a Markov process {X t }t≥0 on
some measurable space (X ,F ). In particular we have

Pt ( f (x)) = E[ f (X t )|X0 = x]

for t ≥ 0 and x ∈X and a bounded measurable function f : X →R.

Definition 4.1.5 (Markov Semi-Group). Take P as above. We say that P is a Markov semi-
group if it has an identity P0 = I d , it has an associative binary operation Pt ◦Ps = Pt+s for
any s, t ≥ 0 and finally, there exists aσ−finite measure µwhich is a stationary distribution
for any Pt with t ≥ 0.

Now, we want to make formal the notion of d
d t Pt , which will lead us to the definition of

the ‘generator’ of a Markov-semi-group. Omitting some of the nitty-gritty details because
they are primarily technical and not conceptual (we refer interested readers to Appendix
1 of [3]), we note that there exists a dense linear subspace D of L2(µ) on which our family
of bounded linear operators P = {Pt }t≥0 act, such that dPt |t=0 exists and is µ−square
integrable.

Definition 4.1.6 (Infinitesimal Generator). The operator L : D → L2(µ) such that

L( f ) := lim
t↓0

Pt f − f

t

is called the Markov generator of the semi-group P = {Pt }t≥0 and we say it has domain

D(L) := { f ∈ L2(µ) : L f exists and L f ∈ L2(µ)}.

To see how these definitions work in practice, we’ll build up the theory from the simplest
Markov process: a discrete time random walk on the integers Z. Here we’ll introduce the
convention that discrete time is indexed by n ∈N and continuous time by t ∈R+.

Example 15 (Discrete Time Simple Symmetric Random Walk). For concreteness, let
{Xn}n∈N be a simple symmetric random walk on Z beginning at the origin. Thus, let
X0 = 0. The Markov process evolves as follows:

Xn+1 = Xn +ξn+1 where ξn+1 =
{
+1 with probability 1

2

−1 with probability 1
2

59



The transition matrix of this chain is infinite but is of the form

[pi j ](i , j )∈Z2 where pi j = P (Xn+1 = j |Xn = i ) =
{

1
2 when j = i ±1

0 otherwise

Now, let’s turn to the semi-group and generator perspective. What are the Markov op-
erators in this context? Well, they are precisely the linear operators on W := { f : Z→
R| f is bounded} that satisfy Definition 4.1.4. We leave it to the reader to verify that these
operators satisfy Definition 4.1.4. They are of the form

P1 f (x) = E[ f (X1)|X0 = x].

Notice that we can compute this exactly. We simply notice that there are two cases, either
X1 = x +1 or X1 = x −1, each of which occurs with probability 1

2 , since we’ve decided to
work with a symmetric random walk. Therefore,

P1 f (x) = E[ f (X1)|X0 = x] = 1

2
f (x +1)+ 1

2
f (x −1)

What about the n step operator? That’s easy! We apply the same logic:

Pn f (x) = E[ f (Xn)|X0 = x] = P n( f (x))

which can be unwound recursively, conditioning on successive Xi s, where P n indicates
the composition of P1 with itself n times. However, to verify these operators satisfy Def-
inition 4.1.5, that is form a semi-group, we do not even need to compute the explicit
form of this operator. Instead, simply notice that P0 f (x) = E[ f (X0)|X0 = x] = f (x) for all
f ∈W and note that the composition property also follows from the rules of conditional
expectation. In particular, we note that

Pn+m f (x) = E[ f (Xn+m)|X0 = x]

while

Pn(Pm( f (x))) = E[Pm( f (Xn))|X0 = x] = E[E[ f (Xm)|X0 = Xn]|X0 = x] = E[ f (Xn+m)|X0 = x]

where the last equality follows from the tower law.

We’ll leave the verification of the stationary measure property to the reader.

Now, we need to consider the generator L. Notice since we are working in discrete time,

clearly the infinitesimal generator L( f ) := limt↓0
Pt f − f

t of Definition 4.1.6 is undefined.
The useful analog in the discrete case is the 1-step transition probability. Since this chain
is time-homogeneous, we have that the discrete generator L is given by

L f := (P − I ) f

1
= P f − f

1
= P f (x)− f (x) = 1

2
f (x +1)+ 1

2
f (x −1)− f (x)
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Even in the relatively simple case of a discrete state space in discrete time the virtues of
this semi-group formulation are beginning to be clear – they are certainly more wieldy
and informative than an infinite dimensional matrix.

As suggested by the fact that we had to go a bit out of our way to define the generator
in the discrete time setting of Example 15, the continuous time setting is where the real
value of the semi-group/generator perspective begin to shine. For concreteness and
simplicity, consider the following example which adapts the discrete time random walk
into a continuous time random walk. See page 87 of [32] for an introduction to compound
Poisson processes, which are a fairly common technique for embedding discrete time
stochastic processes into continuous time.

Example 16. Define the continuous-time-random walk as {X t }t≥0 by

X t =
Nt∑

i=1
ξi = SNt

where Nt is a Poisson process with rate λ= 1 and

ξi =
{
+1 with probability 1

2

−1 with probability 1
2

and Sn is the simple, symmetric random walk described in Example 15 called S here
instead of X to avoid confusion. This process is exactly the continuous time analog of the
simple symmetric random walk. This verification is also left as an exercise to the reader.
Now we’re ready to compute the semi-group corresponding to this process as well as find
its infinitesimal generator.

As above, we know that the elements of the semi-group are of the form

Pt ( f (x)) = E[ f (X t )|X0 = x] = E[ f (SNt )|X0 = x] = E[ f

(
Nt∑

i=1
ξi

)
|X0 = x] =

∞∑
i=1

Pn( f (x))P (Nt = n)

where Pn is the Markov operator defined in Example 15. Now, substituting in the density
of Nt , we find

Pt ( f (x)) =
( ∞∑

n=0
e−t (t )n

n!
P n

)
( f (x)) =

(
e−t

∞∑
n=0

(tP )n

n!

)
( f (x)) = (

e−t e tP )
( f ) = e t (P−I ) f

Now, we’re in a position to compute the infinitesimal generator. Recall that

L( f ) = lim
t↓0

Pt f − f

t
= lim

t↓0

e t (P−I ) f − f

t
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Now, to simplify, we Taylor expand the numerator in t about t = 0

eλt (P−I ) f (x) = f + (P − I ) f + t 2

2
(P − I )2 f + . . .

Then, substituting this in, we find

L( f ) = lim
t↓0

Pt f − f

t
= lim

t↓0

f + (P − I ) f + t 2

2 (P − I )2 f +·· ·− f

t

All terms with exponent greater than or equal to 2 are sent to zero, so we’re left with

L( f ) = lim
t↓0

Pt f − f

t
= Pn f (x)− f (x) = 1

2
f (x +1)+ 1

2
f (x −1)− f (x)

As we had hoped, this is exactly the discrete Laplacian from Example 15, which makes
sense because the instantaneous behavior of this process should match the one-step
behavior of the discrete time chain.

Now, finally, we can move on to a continuous time, continuous state-space example. The
most natural example to take here is the scaling limit of a simple symmetric random walk,
which is Brownian motion. Recall (for full proof, see Theorem 1.9 in [29]). In particular,
we have by Donsker’s theorem that

lim
n→∞(Z (n)

t )t∈[0,1] = lim
n→∞(

S⌊nt⌋p
n

)t∈[0,1]
d= (Bt )t∈[0,1]

where (Bt )t∈[0,1] is standard Brownian motion on the unit interval and convergence is in
distribution.

Example 17 (Brownian Motion). The utility of the semi-group perspective is even clearer
in the context of Brownian motion. Consider standard Brownian motion on the unit
interval (Bt )t∈[0,1] as our Markov process. It is easy to verify that Bt is a Markov process.
As before, we’ll first consider a Markov operator

Pt f (x) = E[ f (Bt )|B0 = x] = E[ f (Bt +x)] = E[ f (x +p
t Z ]

where the last equality follows from the fact that Bt ∼ N (0, t ) and we take Z to be an
independent standard normal random variable.

Now, supposing f is sufficiently smooth, we can Taylor expand in
p

t . We’re allowed to do
this because we assume f ∈C 2

b(R) since that’s the natural domain on which the infinitesi-
mal generator is defined, so it is appropriate to use it for the semi-group computations
too.

Therefore, we have

f (x +p
t Z ) = f (x)+p

t Z f ′(x)+ t

2
Z 2 f ′′(x)+o(t )
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Taking expectations on both sides and recalling that the first moment of a normal random
variable is zero, we have

Pt f (x) = E[ f (x +p
t Z ] = f (x)+ t

2
f ′′(x)+o(t )

Then, computing the generator is comparatively easy:

L( f ) = lim
t↓0

Pt f − f

t
= lim

t↓0

f (x)+ t
2 f ′′(x)+o(t )− f (x)

t
= 1

2
f ′′(x)

This derivation is somewhat heuristic, but should communicate clearly that exactly as
we had hoped, the continuous time, continuous state space generator is the continuous
Laplacian!

Now, we can define one last quantity which will be helpful in the rest of the chapter.

Definition 4.1.7 (Carré du Champ (Square of a Field) Operator, see Section 1.4.2 in [3]).
Consider the Markov semi-group (Pt )t≥0 with an infinitesimal generator L and a domain
D(L ) which has a vector subspace of nice functions A such that for any pair ( f , g ) ∈A

such that f g ∈D(L ). The Carré du Champ operator is a bilinear map Γ : A ×A →R such
that

Γ( f , g ) = 1

2
[L ( f g )− f L (g )− gL ( f )]

Remark 13. Notice that when L = ∆ is the Laplacian on R as in Example 17, we have
Γ( f , g ) =∇ f ·∇g = f ′ · g ′.

4.1.3 Dirichlet Forms, Information, and Entropy

Now that we know what a Markov process is,it is possible to define some familiar quanti-
ties in a new way. In particular, many readers will be familiar with the theory of Maximum
Likelihood Estimation. In that context, there is some parameter of interest θ which we’d
like to estimate a parametric family of densities from which our data is drawn which
are indexed by θ. Suppose for simplicity that this family f (θ) is twice differentiable in
θ. Suppose we observe data X and we compute our likelihood f (θ, X ). Then, the Fisher
information is given by

I (θ) = E
[(

∂

∂θ

(
log( f (X ,θ))

))2]
where the expectation is taken over the data.

This setting may seem initially to be far removed from our own, here, but crucially, some
intuition connects them. We should think of Fisher information as describing the curva-
ture of the log-likelihood function. In particular, large Fisher information corresponds
to a sharp peak, which means that only a small neighborhood of values of θ provide a
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high log likelihood. Conversely, small Fisher information indicates we shouldn’t be very
confident in our maximum likelihood estimate of θ since there is a large neighborhood
of possible θ values which correspond to similar values of the log-likelihood.

The message from the Fisher information case is that curvature and relative roughness are
crucial quantities in understanding the behavior of a density that information captures.
We’ll now turn to the more general setting:

Definition 4.1.8 (Donsker-Varadhan information). Consider two measures µ and ν on
some measure space X . Then, the Donsker-Varadhan information of

I (ν|µ) =
{

E (
√

f ,
√

f ) when ν≪µ with density f that is ν= f µ for
√

f ∈D(E )

+∞ otherwise

we write the Donsker-Varadhan information of a function as

Iµ( f ) = E (
√

f ,
√

f )

for all non-negative functions f ∈D(E ).

There are still a few pieces of machinery we need to define here. First, we need to under-
stand what E (

√
f ,

√
f ) means. Intuitively, E (g , g ) measures the variability or ‘energy’ of

g . Now, we can make use of the definitions in the previous section to formalize this

Definition 4.1.9 (Dirichlet Form). [18] 1 Let (X t )t≥0 be a Markov Process with state space
X , semi-group (Pt )t≥0 with generator L , and stationary measure µ. Additionally, let
(X t )t≥0 be reversible with respect to µ. For any g ∈D(L )), we define the Dirichlet form

E (g , g ) := 〈−L g , g 〉µ =
∫
X

(−L g )(x)g (x)µ(d x)

Remark 14. Notice, that when E (
√

f ,
√

f ) = ∫
X |∇√

f |2dµ, we recover four times the
standard Fisher information. See page 40 of [18] for a more detailed description.

Example 18. For concreteness, consider the measureµ= e−V (x)d x on X =R. Letµ be the

law of a standard normal distribution (so V (x) = x2

2 + 1
2 log(2π) and consider the generator

given by

L =∆−∇V ·∇ = d 2

d x
−x

d

d x
Then, consider diffusion (X t )t≥0 which is generated by the infinitesimal generator L .
Then, Donsker-Varadhan information for a measure ν= f µ is given exactly by

I (ν|µ) = E (
√

f ,
√

f )

1There is a small measure-theoretic subtlety here, which is explained on page 39 of [18]. In particular,
we define the Dirichlet form on the closure (E ,D(E )).
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since we’ve assumed that ν≪µ. For notational convenience, we’ll let g :=√
f

I (ν |µ) =
∫
R

(−L g )(x) g (x)µ(d x)

=
∫
R

(−g ′′(x)+ xg ′(x)
)

g (x)φ(x)d x

=
∫
R

(−g ′′(x))g (x)φ(x)d x +
∫
R

xg ′(x)g (x)φ(x)d x

where φ(x) is the pdf of a standard normal distribution.

Then, we’ll integrate by parts with the additional hypothesis that the boundary term
vanishes. Taking u′(x) =−g ′′(x) and v(x) = g (x)φ(x) for our first term gives

−
∫
R

g ′′(x) g (x)φ(x)d x =
∫
R

g ′(x)
(
g (x)φ(x)

)′ d x

=
∫
R

(g ′(x))2φ(x)d x +
∫
R

g ′(x)g (x)φ′(x)d x.

Therefore we have

I (ν |µ) =
∫
R

(−g ′′(x)+ xg ′(x)
)

g (x)φ(x)d x

=
∫
R

(g ′(x))2φ(x)d x.

So, finally, substituting back g =√
f , we conclude that

I (ν |µ) =
∫
R

(
d

d x

√
f (x)

)2

µ(d x).

Generalized Entropy

Now, we only need one more piece to understand Definition 4.1.1 formally. Recall Def-
inition 2.2.5. In effect, then, this generalized entropy construction simply provides the
correct re-scaling to allow us to discuss relative entropy between a non-negative function
and a reference measure.

To conclude this section, we’ll review a very useful identity which concisely relates gener-
alized entropy and information.

Proposition 4.1.10 (de Bruijn’s Identity on R, a simplified version of proposition 5.2.2
in [3]). Let µ (with dµ = e−V (x)d x) be a measure on X = Rn such that µ is a stationary
measure for some diffusion (X t )t≥0 with corresponding semi-group (Pt )t≥0 and generator

65



L , which gives a Dirichlet form E and domain D(E ). Then, for all positive f ∈D(E ), we
have

d

d t
Entµ(Pt f ) =−2Iµ(Pt f ) =−1

2
IFisher(Pt f )

Proof. This proof follows just from working with the definitions and applying properties
of integrals. First, choose a sufficiently nice f ∈ D(E ). We can extend to f ∈ D(E ) by
approximation, which we leave to the reader to complete, since the key ideas of the proof
are demonstrated by the nice f case.

d

d t
Entµ(Pt f ) = d

d t

(∫
X

Pt f log(Pt f )dµ−
(∫

X
Pt f dµ

)
· log

(∫
X

Pt f dµ

))
Now, differentiating under the integral sign (which is allowed since we’re restricting our
interest to nice f ), we get

d

d t
Entµ(Pt f ) =

∫
X

(1+ log(Pt f ))
d

d t
(Pt f )dµ−

(
1+ log(

∫
X

Pt f dµ)

)(
d

d t

∫
X

Pt f dµ

)
Then, noticing that µ is a stationary measure for the Markov process, we have

d

d t

∫
X

Pt f dµ= d

d t

∫
X

f dµ= 0

since ∀t ≥ 0, we have
∫

Pt f dµ= ∫
f dµ.

Therefore, we have

d

d t
Entµ(Pt f ) =

∫
X

(1+ log(Pt f ))
d

d t
(Pt f )dµ

Now, recall that in the nice, symmetric diffusion case (see Example 18)

d

d t
(Pt f ) = L(Pt f ) = (∆−∇V ·∇)(Pt f ) =∆Pt f −∇V ·∇Pt f

Therefore, we have

d

d t
Entµ(Pt f ) =

∫
X

(
1+ log(Pt f )

)(
∆Pt f −∇V ·∇Pt f

)
dµ

=
∫
X

(
1+ log(Pt f )

)
∆Pt f e−V d x −

∫
X

(
1+ log(Pt f )

)
(∇V ·∇Pt f )e−V d x

Then, we can integrate the first term by parts, so taking u′(x) = ∆Pt f e−V and v(x) =
1+ log(Pt f ). Thus, we have

∫
X

(
1+log(Pt f )

)
∆Pt f e−V d x =

∫
X
∇(1+log(Pt f ))∇Pt f e−V d x−

∫
(1+log(Pt f ))∇V ·∇Pt f e−V d x
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Now, substituting back, we get

d

d t
Entµ(Pt f ) =

∫
X

(
1+ log(Pt f )

)
∆Pt f e−V d x −

∫
X

(
1+ log(Pt f )

)
(∇V ·∇Pt f )e−V d x

=
∫
X
∇(1+ log(Pt f ))∇Pt f e−V d x −

∫
(1+ log(Pt f ))∇V ·∇Pt f e−V d x

−
∫
X

(
1+ log(Pt f )

)
(∇V ·∇Pt f )e−V d x

Then, noticing that terms cancel nicely, we get

d

d t
Entµ(Pt f ) =−

∫
X
∇(1+ log(Pt f ))∇(Pt f )e−V d x =−

∫
X

|∇Pt f |2
Pt f

e−V d x =−2I (Pt f µ|µ)

as desired, which we find by applying Definition 4.1.8.

4.2 Examples of Log-Sobolev Inequalities

Now that we have all the ingredients, we can actually work with Log-Sobolev inequalities.
As in Chapter 3, we’ll investigate some examples of measures which satisfy Log-Sobolev
Inequalities. As usual, we’ll begin with the well behaved Gaussian case on R.

4.2.1 Gaussian Measures

Standard Gaussian on R

The following statement is originally due to Gross [19], but I’ll follow the notation in [3].

Theorem 4.2.1 (Gaussian measure satisfies an LS(1) inequality ). Let γ be the standard
Gaussian measure on R,

dγ(x) = 1p
2π

e−x2/2 d x.

Consider the Ornstein–Uhlenbeck generator

L f = f ′′−x f ′,

the carré du champ operator
Γ( f , g ) = f ′g ′,

and the associated Dirichlet form

E ( f , g ) =
∫
R

f ′(x)g ′(x)dγ(x).

Its domain is
D(E ) = {

f ∈ L2(γ) : f ′ ∈ L2(γ)
}

,
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Then, for every g ∈D(E ),

Entγ( f 2) ≤ 2E ( f , f ) = 2
∫
R
| f ′(x)|2 dγ(x).

Equivalently, γ satisfies LS(1).

As is natural for such a useful theorem, there are many different proofs of this statement.
We’ll follow the original proof presented by [19], but restricted to the one-dimensional
case to begin with. We’ll begin by proving the one-dimensional case, also referencing the
presentation by [22].

Proof. The structure of this proof is very clever. We’ll first show that Bernoulli random
variables satisfy such a Log-Sobolev inequality and then apply the central limit theorem
to deduce that Gaussian measures also satisfy this inequality. The nice thing about this
idea is that we can compute all of the quantities of interest directly in the Bernoulli case.

First, consider the measure µ on {0,1} corresponding to the Bernoulli( 1
2 ) random variable.

The analog of Theorem 4.2.1 is exactly

Entµ( f 2) ≤ 1

2
E[|D f |2]

where D is the discrete analog of the infinitesimal generator L as introduced in Exam-
ple 15. In particular,

D( f ) = f (1)− f (0)

Then,

Entµ( f 2) =
∫
X

f 2 log( f 2)dµ−
(∫

X
f 2 dµ

)
log

(∫
X

f 2 dµ

)
= 1

2
f (0)2 log

(
f (0)2)+ 1

2
f (1)2 log

(
f (1)2)− f (0)2 + f (1)2

2
log

(
f (0)2 + f (1)2

2

)
.

Then, we have
E[|D f |2] = E[| f (1)− f (0)|2] = (

f (0)− f (1)
)2

Therefore, all we need to show is that

Entµ( f 2) = 1

2
f (0)2 log

(
f (0)2)+ 1

2
f (1)2 log

(
f (1)2)− f (0)2 + f (1)2

2
log

(
f (0)2 + f (1)2

2

)
≤ 1

2

(
f (0)− f (1)

)2

To see this, consider the function

d( f ) = 1

2

(
f (0)− f (1)

)2−1

2
f (0)2 log

(
f (0)2)−1

2
f (1)2 log

(
f (1)2)− f (0)2 + f (1)2

2
log

(
f (0)2 + f (1)2

2

)
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and it suffices to show that d( f ) ≥ 0. Notice this is minimized as f (0) = f (1), that d( f ) is
convex and therefore minimized at 0 (to convince yourself, substitute u = 1

4 ( f (0)− f (1))2,
rewrite d( f ) in terms of u and compute the first and second derivatives).

Thus, we have Entµ( f 2) ≤ 1
2E[|D f |2].

Now, we need to understand how this inequality behaves on the n-dimensional cube
because we need to consider a sum of Bernoulli variables in order to apply the central
limit theorem. Now, consider the product measure µ⊗µ · · ·⊗µ=µn on the n−cube {0,1}n .
Then, we claim the following lemma holds:

Lemma 4.2.2. [22]

Entµn ( f 2) ≤ 1

2

n∑
i=1
E[|Di f |2]

where Di f (x1, . . . , xn) = D fi (xi ) = fi (x(i ,1)) − fi (x(i ,0)), and x(i ,z) means replace the i th
coordinate with z ∈ {0,1}.

We can deduce Lemma 4.2.2 from the so-called Tensorization property of entropy, which
we proved in Lemma 2.2.7, in Section 2.2.
In particular, applying the two-point inequality

Entµ( f 2) ≤ 1

2
E[|D f |2]

in each coordinate to

Entµ1⊗µ2···⊗µn ( f ) ≤
n∑

i=1
E[Entµi ( fi )]

gives exactly

Entµn ( f 2) = 1

2

n∑
i=1
E[|Di f |2].

Now, we will construct a suitable quantity to apply the Central Limit Theorem to. In

particular, consider X1, . . . , Xn
i i d∼ µ. We want the centralized sample mean. Define

Sn = 2p
n

n∑
i=1

(X j − 1

2
)

where we subtract off the sample mean of each Bernoulli random variable and rescale
appropriately.

Consider some test function ψ ∈ C 2
b , where as usual we’d like ψ to be bounded and at

least twice continuously differentiable. We will extend this to any function g ∈ D(E ) =
{ f ∈ L2(γ) : f ′ ∈ L2(γ)}. Consider

Fn(x1, x2, . . . , xn) =ψ(Sn).

69



Then, we can apply Entµn ( f 2) = 1
2

∑n
i=1E[|Di f |2] to F .

Thus

Entµn (ψ(Sn)2) ≤ 1

2

n∑
i=1
E[|Di Fn |2]

All that’s left then, is to carefully take the limit as n →∞ of both sides applying the central
limit theorem appropriately.

First, recall the statement of the central limit theorem in the simplest independent and
identically distributed (IID) case, which is all we need here.

Theorem 4.2.3 (Central Limit Theorem IID Case [7]). Let X1, X2, . . . , Xn
i i d∼ µ with finite

variance σ2 and let Sn =∑n
i=1 Xi . Then

Sn −nµ

σ
p

n
=

p
n

σ
(X̄n −µ)

d→N (0,1).

Now, we’ll begin with the LHS. We want to understand

lim
n→∞Entµn (φ(Sn)2).

First, notice that the central limit theorem tells us that

Sn
d−→ Z ∼ γ.

Then, recall that the Portmanteau Theorem 2.1.12 says that for any bounded, continuous

function, h, if Yn
d→ Y , then E[h(Yn)] → E[h(Y )].

Now, recall the definition of generalized entropy:

Entµn [ψ(Sn)2] = E[ψ(Sn)2 log(ψ(Sn)2)]−E[ψ(Sn)2] log(Eψ(Sn)2)).

Conveniently, h1(sn) =ψ(sn)2 and h2(sn) =ψ(sn)2 log(ψ(sn)2) are both bounded and con-
tinuous by our assumptions onψ, since for h2 we maintain the convention that 0log0 = 0.
Then Theorem 2.1.12 gives exactly that

Entµn [ψ(Sn)2] → Entγ(ψ2).

Now, turning our attention to the RHS, we first notice by the fact that Xi
i i d∼ µ

1

2

n∑
i=1
Eµn

[
(Di Fn)2]= n

2
Eµn

[
(D1Fn)2]

Now, notice that the discrete gradients Di Fn → 1p
n

f ′. In particular, we have
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D1Fn =ψ(
2p
n

n∑
i=1

(X j − 1

2
)+ 1p

n
)−ψ(

2p
n

n∑
i=1

(X j − 1

2
)− 1p

n
)

Thus, we have

1

2

n∑
i=1
Eµn

[
(Di Fn)2]= n

2
Eµn

[
(D1Fn)2]

= n

2
Eµn

[(
ψ

(
2p
n

n∑
i=1

(
Xi − 1

2

)
+ 1p

n

)
−ψ

(
2p
n

n∑
i=1

(
Xi − 1

2

)
− 1p

n

))2
]

.

Now note that by the mean value theorem there exists some random θn ∈ [−1,1] such
that

ψ

(
2p
n

n∑
i=2

(
Xi − 1

2

)
+ 1p

n

)
−ψ

(
2p
n

n∑
i=2

(
Xi − 1

2

)
− 1p

n

)
= 2p

n
ψ′

(
2p
n

n∑
i=2

(
Xi − 1

2

)
+ θnp

n

)

which is permissible since we’ve assumed that ψ ∈C 2
b so ψ′ is uniformly continuous.

Then, we have that

(Di Fn)2 = 4

n

(
ψ′

(
2p
n

n∑
i=2

(
Xi − 1

2

)
+ θnp

n

))2

Now notice that

1

2

n∑
i=1
Eµn

[
(Di Fn)2]= 2E[

(
ψ′

(
2p
n

n∑
i=2

(
Xi − 1

2

)
+ θnp

n

))2

]

Now, since (ψ′)2 has bounded continuous derivatives, it is Lipschitz, and therefore, we
have as n →∞

lim
n→∞E[(ψ′(

2p
n

n∑
i=2

(
Xi − 1

2

)
+ θnp

n
))2]−E[(ψ′(

2p
n

n∑
i=2

(
Xi − 1

2

)
))2] = 0

Now, recall that by the Central Limit Theorem (and a little bit of algebra),

2p
n

n∑
i=2

(
Xi − 1

2

)
d→ Z ∼ γ

Therefore, we have that by the Portmanteau Theorem again

E[

(
ψ′(

2p
n

n∑
i=2

(
Xi − 1

2

)
)

)
] = E

[(
ψ′(Z )

)2
]
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Then, putting everything together we have

E[(ψ′(
2p
n

n∑
i=2

(
Xi − 1

2

)
+ θnp

n
))2] → E

[(
ψ′(Z )

)2
]

Now multiplying both sides by two, we have

1

2

n∑
i=1
Eµn

[
(Di Fn)2]→ 2E

[(
ψ′(Z )

)2
]

Finally, since taking limits preserves the inequality we have for all ψ ∈C 2
b(R), we have

Entγ( f 2) ≤ 2E ( f , f ) = 2
∫
R
| f ′(x)|2 dγ(x).

Finally, to extend this to all functions

g ∈D(E ) = { f ∈ L2(γ) : f ′ ∈ L2(γ)}

it suffices to notice that C 2
b(R) is dense in D(E ), so for any g ∈ D(E ) we can construct a

sequence so smooth, compactly supported gk ∈C 2
b(R) such that gk → g ∈ L2(γ) and g ′

k →
g ′ ∈ L2(γ). Then, the desired inequality holds for each of our approximating functions
and we pass to the limit as k →∞. Finally, this completes the proof!

Now that we’ve gone to a lot of trouble to establish this log-Sobolev inequality for R, we
can get a host of nice results for Rn almost for free with the help of Lemma 2.2.7.

Standard Gaussian on Rn

Proposition 4.2.4 (Gaussian Measures on Rn Satisfy an LS(1) Inequality). Let γn = γ⊗
γ · · ·⊗γ be the product measure onRn where γ∼N (0,1). Then, for all f ∈D(E ), γn satisfies
the following Log-Sobolev inequality

Entγn ( f 2) ≤ 2E ( f , f ) = 2
∫
Rn

|∇ f |2dγn(x)

Before we state the relatively short proof of this fact, it is worth remarking on the fact that
the constant C in Proposition 4.2.4 and in Theorem 4.2.1 are the same. This means that
this inequality is ‘dimension-free’ in a very nice sense. This property, that the constant of
the Log-Sobolev inequality is independent of the dimension of the measure is one reason
why Log-Sobolev inequalities are so useful.

Moreover, as we saw in Chapter 3, it is in general hard to determine the optimal couplings
in dimension n ≥ 1, especially for more complicated cost functions. The fact that our Log-
Sobolev inequality is dimension free will allow us to infer transport-entropy inequalities
in higher dimensions without any additional work.
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Proof of Proposition 4.2.4. To see this, recall the tensorization of entropy lemma from
section 2.2. In particular, Lemma 2.2.7 says that measures µi on measure spaces Xi for
i ∈ {1,2, . . . ,n} and any function f : X1 ×·· ·×Xn →R, such that f ∈D(E ), we have

Entµ1⊗µ2···⊗µn ( f ) ≤
n∑

i=1
E[Entµi ( fi )].

Now, applying this to an arbitrary test function, we find that

Entγn ( f 2) ≤
n∑

i=1
E[Entµi ( fi )] ≤

n∑
i=1

(2
∫
Rn

( f ′
i (xi ))2dγn) = 2

∫
Rn

|∇ f |2dγn(x)

This completes the proof.

Gaussian with Finite Covariance

We can even go one step further – working with a standard Gaussian for this many pages
of a thesis may bore some readers, so we’ll also show that an LS inequality holds for a
multivariate gaussian vector with mean m⃗ and non-singular covariance matrix Σ.

Corollary 4.2.5 (Non-Standard Gaussian Log-Sobolev Inequality, compare with Propo-
sition 1.6 in [11] and a remark on page 258 in [3]). Suppose µ∼Nn(m⃗,Σ) is the measure
corresponding multivariate normal random variable in Rn . Then, for all f ∈ D(E ), µ
satisfies the following Log-Sobolev Inequality

Entµ( f 2) ≤ 2
∫
Rn
Σ∇ f ·∇ f dµ(x)

Proof. The proof follows from simply applying the change of variables formula. In partic-
ular, we can represent X =Σ1/2Z +m where Z ∼ γn . In particular, define

g (Z ) = f (m +Σ1/2Z ) = f (X )

Then, for each g , we must have

Entµ( f 2) = Entγn (g 2)

≤ 2
∫
Rn

|∇g |2dγn = 2
∫
Rn

|Σ1/2∇ f (m +Σ1/2z)|2dγn

= 2
∫
Rn
Σ∇ f ·∇ f dµ
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4.2.2 Strongly Log-Concave Measures

A natural next question is about non-Gaussian measures. After all, we’ve already estab-
lished transport-entropy inequalities for the simple one-dimensional Gaussian case, so
while the above will allow us to move into n−dimensions and infer TE-inequalities for
non-standard Gaussians, if we couldn’t extend our claims beyond the Gaussian case after
introducing all this new machinery, the above might seem a little pointless. However,
there is a very nice, natural extension of this for non-Gaussian measures that will prove
very powerful.

Theorem 4.2.6 (LS Inequality for Convex Potentials (Corr. 5.7.2 in [3])). Consider the
measure µ on Rn , written in potential form as e−W d x, where W : Rn → R is a smooth,
scalar-valued potential. Denote the Hessian of W as H W . If W is uniformly ρ− convex,
that is

H W (x) ⪰ ρIn for all x ∈Rn

for some ρ > 0, then µ satisfies the LS( 1
ρ

) inequality,

Entµ( f 2) ≤ 2

ρ

∫
Rn

|∇ f |2dµ(x)

for all f ∈D(E ).

Proof. We’ll provide an outline of the proof of this statement, here, but a full proof is
presented in [3], pages 268-269.

Consider the Markov semi-group (Pt )t≥0 which has µ as its stationary measure and is
generated by L =∆−∇W ·∇. We’ll use this semi-group to understand how the curvature
of W relates to Log-Sobolev inequality we’re interested in proving.

First, recall that by Proposition 4.1.10, we have for any positive, sufficiently smooth func-
tion h

d

d t
Entµ(Pt h) =−Iµ(Pt h)

Equivalently, by integrating both sides we have

Entµ(Pt h) =
∫ ∞

0
Iµ(Pt h)d t .

Our job, then is to prove that ∫ ∞

0
Iµ(Pt h)d t ≤ 2

ρ
Iµ(h).

If we can show this, we are done, since we will just take h = f 2 and recover

Entµ( f 2) ≤ 2

ρ

∫
Rn

|∇ f |2dµ(x).
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How, then, do we show
∫ ∞

0 Iµ(Pt f )d t ≤ 2
ρ

Iµ(h)?
First notice if we can show that

Iµ(Pt h) ≤ e−2ρt Iµ(h)

we’re done, since integrating the RHS of this gives exactly the desired bound.

To see
Iµ(Pt h) ≤ e−2ρt Iµ(h)

involves comparing the first and second derivatives of∫
Rn

Pt h log(Pt h)dµ

and applying the Hessian bound. For details, see 5.7.2 and Theorem 5.5.2 in [3]. The
theorem follows immediately from this bound.

4.2.3 Product Measures, Convolution of Measures and Tensorization

Finally, now that we know how to prove individual Log-Sobolev inequalities, it would be
very nice to know how to combine them.

We’ve already seen how to extend Log-Sobolev inequalities to product measures via
Lemma 2.2.7.

However, we might also be interested in convolutions of measures. In particular, if we
have two measures µ1 and µ2 which individually satisfy LS(C1) and LS(C2) inequali-
ties respectively, what can we say about the convolution µ1 ∗µ2. The extremely handy
Lemma 2.2.7 allows us to answer that question with just a bit more work.

Theorem 4.2.7 (Log-Sobolev Inequalities for Convolution of Measures, an extended ver-
sion of Proposition 1.3 in [11]). Supposeµ1, . . . ,µn are measures onRd each of which satisfy
a log-sobolev inequality with constant Ci . Then for any f ∈D(E ), we have

Entµ1∗µ2∗···∗µn ( f 2) ≤ 2(
n∑

i=1
Ci )

∫
Rd

|∇ f |2d(µ1 ∗µ2 ∗·· ·∗µn).

Proof. We’ll just show this for two measures µ1 and µ2, since the result for n measures
follows immediately by induction.
First, recall that to sample from the convolution of two measures µ1 and µ2, we sample
from µ1 and µ2 independently and sum our observations. This means that

µ1 ∗µ2 = (x + y)#(µ1 ⊗µ2)
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This allows us to connect the convolution of µ1 and µ2 to their product measure. In
particular if we let g (x, y) := f (x + y), then

Entµ1∗µ2 ( f 2) = Entµ1⊗µ2 (g 2).

Then, Lemma 2.2.7, combined with the individual Log-Sobolev Inequalities gives

Entµ1∗µ2 ( f 2) = Entµ1⊗µ2 (g 2)

≤ 2C1

Ï
|∇x g (x, y)|2 dµ1(x)dµ2(y)+2C2

Ï
|∇y g (x, y)|2 dµ1(x)dµ2(y)

Then, since ∇x g (x, y) =∇y g (x, y) =∇ f (x + y), we have

Entµ1∗µ2 ( f 2) = Entµ1⊗µ2 (g 2) ≤ 2(C1 +C2)
∫

|∇ f (z)|2d(µ1 ∗µ2)(z)

exactly as desired.

4.3 Log-Sobolev Inequalities and Transport-Entropy Inequal-
ities

There are rich connections between transport-entropy inequalities and log-Sobolev in-
equalities as hinted at by the introduction to this chapter. The following section intro-
duces two major theorems that connect these perspectives, on the one hand showing
that Log-Sobolev inequalities are exactly the right tool to imply T2 transport-entropy
inequalities, and on the other connecting the key ingredients of a log-Sobolev inequal-
ity (namely, entropy and information) with the key ingredients of a transport-entropy
inequality (namely Wasserstein distance and entropy).

4.3.1 Otto-Villani Theorem

Now, we’ve developed a series of techniques for proving Log-Sobolev inequalities, it is
finally time to see how these inequalities imply transport-entropy inequalities. The key
tool here is the Otto-Villani theorem.

Theorem 4.3.1 (Otto-Villani). [26] Suppose µ is a probability measure on Rn . Then if µ
satisfies a Log-Sobolev inequality with constant C , then µ also satisfies a T2 inequality with
the same constant C .

Remark 15 (Extensions of the Otto-Villani Theorem). As mentioned in [18] this theorem
is actually much more general. It was first proved on a smooth complete Manifold in
2000 by Otto and Villani in [26]. The proof presented there is difficult and simpler, more
general versions both of the statement and of the proof have been developed since. It
turns out that this theorem is true not just on Rn , but also on many other (relatively nice)
Polish spaces. These extensions are beyond the scope of this thesis, but are an active area
of research. Much more detail is available in [16].
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As with many such important theorems, there are many different proofs of this fact avail-
able. We’ll follow the proof presented in [16] and presented again for measures µ on Rn

in [18], though we’ll change their normalization conventions to match those used in the
rest of the thesis and add detail where their proof is compact.

Proof of Theorem 4.3.1. The structure of this proof is quite neat and has the virtue of mak-
ing use of a couple of the results we’ve shown previously in the thesis and in reiterating
the connection between Log-Sobolev Inequalities, transport-entropy inequalities, and
concentration inequalities. In particular, we’ll do the following:

LS(C) =⇒ T1(C ) =⇒ Dimension-Free Gaussian Concentration =⇒ T2(C )

We begin with the LS(C ) inequality, which states that for all f ∈D(E )

Entµ( f 2) ≤ 2C
∫
Rn

|∇ f |2dµ(x).

Now take f 2 = e t g , which is the right substitution since we want to use concentration-
inequality style arguments and this exponential form fits nicely with those tools.
Then, substituting gives

Entµ(e t g ) ≤ 2C
∫
Rn

|∇e t g /2|2dµ(x).

The LHS gives

Entµ(e t g ) =
∫

e t g log
e t g∫

e t g dµ
dµ

Define

Zt :=
∫

e t g dµ

as in [18]. Then, we have that

Entµ(e t g ) = t Z ′
t −Zt log Zt .

Then, we have on the RHS∫
Rn

|∇e t g /2|2dµ(x) = t 2

4

∫
Rn

|∇g |2e t g dµ

Then, since g is 1−Lipschitz by construction, we have |∇g (x)| ≤ 1 for almost every x.
Therefore, we have ∫

Rn
|∇g |2e t g dµ≤

∫
Rn

e t g dµ= Zt
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Combining the LHS and RHS of the LS(C ) inequality gives

t Z ′
t −Zt log Zt ≤ C t 2

2

Then, dividing both sides by t 2Zt gives

t Z ′
t −Zt log Zt

t 2Zt
≤ C

2

Recognizing that the LHS looks exactly like the quotient rule, we’ll find that

d

d t

(
log(Zt )

t

)
≤ C

2

Now we can integrate both sides with respect to t and find that∫
e t g dµ≤ e t

∫
g dµ+C

2 t 2

This says exactly that Zt is sub-gaussian. This is true for all 1−Lipschitz g .

Lemma 4.3.2 (W1 and 1-Lipschitz Functions). Suppose µ is a probability measure on Rn .
Then µ satisfies

W1(µ,ν)2 ≤ 2C H(ν|µ) ∀ν
if and only if for every 1− Lipschitz function f :Rn →R and all s ∈R, we have∫

Rn
e s f dµ≤ e s

∫
f dµ+C s2/2

This lemma is a very simple, special case of Corr. 3.4 in [18], where the more general case
is proved, so the full proof is omitted here. The idea of the proof is to the use Kantrovich
dual characterization of a transport distance and apply the definition of entropy.

Thus, we’ve successfully established that µ satisfies a T1(C ) inequality. However, the
claim is that µ satisfies a T2(C ) inequality. As demonstrated in Theorem 3.2.5, unfortu-
nately the implication only goes from T2(C ) =⇒ T1(C ), so we have some more work to do.

The last step is to recognize that T2 inequalities are special in the following sense.

Lemma 4.3.3 (T2 and Gaussian Dimension Free Concentration Property, a specialization
of Corollary 5.5 in [18] to Rn). Let µ be a measure on Rn . µ satisfies T2(C ) if and only if
there exists a constant K such that

µn(Ar ) ≥ 1−K e−r 2/(2C )

for all A ∈Rn such that µn(A) ≥ 1/2, and r ≥ 0. We define Ar as the neighborhood of radius
r in Rn where distance is the Euclidean distance. We call this a Gaussian Concentration
inequality, because it implies that µn has sub-gaussian tails.
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As above, this is proved in [18] and so we will not repeat the proof here. Instead, we refer
interested readers to Theorem 5.4 and Corollary 5.5.

The key idea here is to notice that we can show that this inequality holds by applying two
theorems we’ve already proved. First we’ll invoke the ever-helpful Lemma 2.2.7.
Then, since we have by hypothesis that µ satisfies LS(C ) on Rn . Then

Entµ( f 2) ≤ 2C
∫
Rn

|∇ f |2dµ(x)

Then, Lemma 2.2.7 tells us that

Entµ1⊗µ2···⊗µk (g ) ≤
k∑

i=1
E[Entµi (gi )].

Thus, considering the k−times tensorization of µ, we have

Entµk ( f 2) ≤
k∑

i=1
E[Entµ( f 2

i )]

Now, applying the LS(C ) inequality in each coordinate we get

Entµk ( f 2) ≤
k∑

i=1
E[Entµ( f 2

i )] ≤ 2C
k∑

i=1
Eµk

[∫
Rn

|∇i f |2dµ

]
Then, swapping the sum and integral and applying the fact that on the product space
|∇ f |2 =∑k

i=1 |∇i f |2, gives

Entµk ( f 2) ≤ 2C
∫

|∇ f |2dµk

Notice that this k−fold inequality preserves the constant C . Then, recall Marton’s Argu-
ment (Theorem 3.4.2), which says that if µ satisfies

Td (µ,ν) ≤α−1(H(ν|µ))

Then, for all measurable subsets A ⊆X such that µ(A) ≥ 1
2 , the following concentration

inequality holds

µ(Ar ) ≥ 1−e−α(r−α−1(log(2)))

where r ≥ α−1 log(2). Here we apply Marton’s argument to the tensorized measure µk

taking the cost function which is the distance metric d(x, y) = |x − y | and the function
α(·) = (·)2. Therefore, α−1(·) =p·. Therefore, Theorem 3.4.2 gives exactly that there exists
some constant K such that

µk (Ar ) ≥ 1−K e−r 2/(2C ).

where K collects the constant terms in e−α(r−α−1(log(2))). Then, we can notice that the
conditions of Lemma 4.3.3 are satisfied exactly. Thus since µk satisfies a dimension-
free concentration inequality, have that µ satisfies a T2(C ) transport-entropy inequality,
exactly as desired.
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4.3.2 HWI Inequalities

To conclude this chapter, we will also mention a key inequality which combines entropy
(H), Wasserstein distance (W), and Donsker-Varadhan information (I).

Theorem 4.3.4 (HWI Inequality, Theorem 3 in [26]). Consider the measure µ on Rn , writ-
ten in potential form as e−W d x, where W : Rn → R is twice-differentiable scalar-valued
potential. Denote the Hessian of W as H W . If W is uniformly ρ− convex, that is

H W (x) ⪰ ρIn for all x ∈Rn ,

then, µ satisfies the HWI inequality for all non-negative, smooth, and compactly supported
functions which are normalized to be densities on Rn , that is

H( f µ|µ) ≤W2( f µ,µ)
√

Iµ( f )− ρ

2
W 2

2 ( f µ,µ)

The proof of this theorem can be found in the original paper [26] and a nice expository
version in [18].

Note the striking similarity of the conditions in Theorem 4.3.4 to the conditions of The-
orem 4.2.6. In particular, we also have under these conditions that µ satisfies an LS( 1

ρ )

inequality, and thus by Theorem 4.3.1, that µ satisfies a T2( 1
ρ ) inequality.

This theorem seems appropriate to end this thesis on because it unifies these three major
tools for comparing distributions. It unites three key perspectives on how distributions
differ and offers an extremely elegant way to compare them.
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Chapter 5

Modern Applications and Conclusion

This thesis has traced the relatively short history of transport-entropy inequalities from
Monge’s original formulation of the optimal transport problem in the 1780s to the central
theorems of Chapter 4 discovered in 2000 by Otto and Villani in [26]. This thesis has
primarily (and intentionally) focused on transport-entropy inequalities as objects that
are of intrinsic interest for anyone who wants to study and compare measures, as well as
a beautiful unifying approach to understanding many seemingly disparate inequalities.

Historically, however ,transport-entropy inequalities have entered the literature primar-
ily as means to an end. These tools became popular and well studied in the 1990s, when
it became increasingly clear that these inequalities were intimately related to the concen-
tration of measure phenomenon.

While I hope I’ve demonstrated over these last four chapters that these tools are of in-
dependent and intrinsic interest, in this final, very short chapter, I’ll break slightly from
the conceit of the thesis and admit that my underlying motivation has not just been to
explain and present these fascinating and beautiful tools, but especially to present them
in an accessible way to people interested in probabilistic machine learning.

In particular, I think that these tools should be of interest to many people currently study-
ing diffusion models. While there has been an enormous amount of interest in the last
few years in studying diffusion as an optimal transport problem, there has been com-
paratively much less work which applies transport-entropy inequalities to the diffusion
model setting. In the following section I’ll offer a short introduction to diffusion models,
and in the final section of the thesis I’ll discuss a few recent papers which succeed in
connecting diffusion models to Log-Sobolev and transport-entropy inequalities as well
as mention a few open questions, which I hope are of interest.
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Figure 5.1: Intuition for a Diffusion Map [14]

5.1 Diffusion Models

Score-based generative models construct a generative process by learning to reverse a
prescribed noising diffusion. The forward (data-destruction) process gradually perturbs
samples from the data distribution according to a stochastic differential equation (SDE).
A common choice is the Ornstein–Uhlenbeck or variance-preserving diffusion [36]:

dXt = f (Xt , t )︸ ︷︷ ︸
drift

d t + g (t )︸︷︷︸
diffusion

dWt (5.1)

which defines a family of intermediate densities (pt )t∈[0,1] that interpolate smoothly be-
tween the data distribution p0 and a simple reference distribution (typically a standard
Gaussian) at time t = 1.

The generative mechanism relies on the fact that this diffusion is approximately re-
versible. Under suitable regularity conditions, the reverse-time dynamics of the process
satisfy another SDE:

dXt =

 f (Xt , t )− g (t )2∇Xt log pt (Xt )︸ ︷︷ ︸
score function

d t + g (t ),dW̄t , (5.2)

where the additional drift term depends on the score ∇x log pt (x), i.e., the gradient of
the log-density of the forward process at time t . Thus, generative sampling amounts to
running this reverse-time SDE, provided the score function is known.

Since pt is not available in closed form, we parametrize a neural network sθ(·, t ) to approx-
imate the score function. A natural training objective is the denoising score-matching
loss:

L (θ) =
∫ T

0
λ(t )Ept (X)

[|s(Xt , t )− sθ(Xt , t )|22
]
d t , (5.3)

where λ(t ) is a user-chosen weighting [14]. This is the classical perspective on diffusion
models.
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However, increasingly, people are formulating diffusion models as a transport problem
[28]. In particular, we can reformulate the diffusion problem as follows. Suppose we
have a reference distribution µ0 which corresponds to a simple, easy to sample from
distribution, like a multivariate Gaussian. Our target distribution is usually the true data
distribution (which we’ll call µ1) from which we only have finitely many samples.

The key idea here is that we can understand µ1 = T#µ0, so if we can construct T explicitly,
we can sample from µ1 easily by drawing a sample from µ0 and applying the transport
map, ie X1 = T (X0) ∼ µ1. The innovation of diffusion models in this framework is to in-
troduce a time dependent interpolation of (µt )t∈[0,1] which obeys certain nice continuity
properties and then learn a vector field that represents how µt should change at that time
step. For Gaussian µ0, it can be shown that this vector field can be found as a conditional
expectation, which diffusion models approximate by solving a least squares problem.

5.2 Recent Work and Open Problems

As discussed in [28], a detailed survey of optimal transport as it relates to diffusion models,
the stochastic interpolates learned by modern diffusion models are crucially not optimal
in the transport sense. This was proved in [21] only in 2022, and previously it had been
conjectured that the Fokker-Planck equation provided the OT map between the target
and initial densities. That such a fundamental question about the properties of diffusion
models was open until relatively recently should give the reader some idea of the diffi-
culty and interest of studying the properties of these models.

The question of in what sense the transport map implicitly constructed by diffusion mod-
els is optimal is very interesting, unsolved, and relevant to understanding how these
models generalize. Understanding the geometric properties of the maps which diffusion
models do learn is also an open and interesting question.

It is perhaps obvious from the structure of the diffusion problem (learn a map subject
to some functional form constraints which sends p0 to pdata) that transport-entropy in-
equalities might provide some insight. In the following section, I’ll highlight a few recent
papers that apply these tools and invite further study.

In [27], they derive a new bound on the W2 distance between the true data distribution
ptrue and the learned distribution pθ for their particular and new diffusion sampling
algorithm when the data distribution is norm sub-gaussian (ie if X ∼ ptrue, P (||X−E[X ]|| ≥
t ) ≤ 2e− t2

2σ2 ) and the score approximation sθ is Ls−Lipschitz. Their key contribution is to
provide a bound

W2(ptrue, pθ) ≤ Ti +Ti i +Ti i i
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where Ti is a constant derived from the early-stopping of the reverse process (for com-
putational reasons, diffusion models are never run all the way to t = 0, but instead to
some ϵ > 0), Ti i is a bound in terms of

p
L (θ) where L (θ) is the score-matching loss,

which captures the approximation error between sθ(t , ·) and ∇pt . Finally Ti i i comes from
approximation error due to the Langevin dynamics. Interestingly their proof relies on the
Log-Sobolev Inequality (and the Otto-Villani theorem) to derive Ti i i in order to bound
the Langevin sampling dynamics. This paper offers good evidence for the fact that TE
inequalities and Log-Sobolev inequalities are extremely useful for analysis of diffusion
models.

Another such paper [9] gives non-asymptotic estimates for the Wasserstein−2 distance
between the ptrue and pθ under a series of assumptions, first that the optimization
algorithm is sufficiently nice in the sense described in Assumption 1 in [9] and that
the data distribution has finite second moment and is strongly log-concave, as well as∫ T
ϵ |∇ log pt (0)|2d t <∞, the approximation for the score sθ is continuously differentiable

and Lipschitz. Then, W2(ptrue, pθ) is bounded by four different constants, which are fairly
involved and described in detail in Appendix E of [9].

Both these papers make very good use of these transport-entropy tools to bound the loss
of interest. However, there is another, more tentative sense in which transport-entropy
inequalities may be useful for understanding the geometry of the non-optimal stochastic
interpolatant maps learned by diffusion models. This section is rather speculative, but I
hope it provides a sense of what these tools have to offer to the machine learning world.

Two other recent papers provide independent bounds, one on the relative entropy and
the other on the W2 distance between the true data distribution ptrue and the learned
distribution pθ. In [35], they show that (under some fairly mild regularity conditions) the
KL-divergence between ptrue and pθ can be upper bounded by L (θ)+K for a relatively
simple constant K . This shows that training effectively decreases upper bound on the
KL-divergence. In [20] they follow a similar process to demonstrate that (again under suit-
able regularity conditions) training a diffusion model by minimizing the score matching
loss implicitly minimizes the Wasserstein-2 distance between ptrue and pθ. Both upper
bounds are given in terms of functions of the score-matching loss. If the two bounds
in these papers are compatible in the sense that W2(ptrue, pθ) ≤ Kα(DK L(ptr ue ||pθ) then
that transport-entropy style inequality might be of value in understanding certain geo-
metric properties of diffusion maps.
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